KHINCHIN TYPE CONDITION FOR TRANSLATION SURFACES 
AND ASYMPTOTIC LAWS FOR THE TEICHMULLER FLOW 



LUCA MARCHESS 



Abstract. We study a diophantine property for translation surfaces, defined 
in term of saddle connections and inspired by the classical tfieorem of Khinchin. 
We prove that the same dichotomy holds as in Khinchin' result, then we de- 
duce a sharp estimation on how fast the typical Teichmiiller geodesic wanders 
towards infinity in the moduli space of translation surfaces. Finally we prove 
some stronger result in genus one. 
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1. Introduction 

The moduli space of fiat tori is identified with the modular surface, that is 
the quotient H/PSL(2, Z) of the hyperbolic half plane by the action of Moebius 
transformations, which is homeomorphic to a punctured sphere and it has finite 
area. A neighborhood of the cusp corresponds to those flat tori with a very short 
closed geodesic, or equivalently to points in the standard fundamental domain with 
big imaginary part. The geodesic flow gt acts ergodically on the unitary tangent 
bundle of the modular surface, therefore a generic geodetic makes infinitely many 
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excursions to the cusp. The rate of this phenomenon is quantified by the so-caUed 
logarithmic law. 

Theorem. For any point z in H/PSL(2,Z) and almost any unitary tangent vector 
V at z, if gt is the geodetic at z in the direction of v we have 

d{gt{z),ZQ) 
limsup = 1/2, 

where zq is any point in ]HI/PSL(2, Z) chosen as center and d denotes the Poincare 
distance. 

The logarithmic law has been generalized in many settings, in particular Sullivan 
proved it for the geodesic flow on manifolds with negative curvature (see [Su]) and 
Masur proved a logarithmic law for Teichmuller geodetics on the moduli space of 
complex curves of any genus (see |Ma3) ). 

The geodesic flow on H/PSL(2,Z) has a well know relation with the continued 
fraction algorithm, which have been described in |Serj . and in general with arith- 
metics. In particular the logarithmic law is strictly related to the Khinchin theorem 
(see [K ), which concerns the general diophantine condition on a real number a in 
(0, 1) defined by the equation: 

(1.1) {na} < ifin), 

where {•} denotes the fractionary part and : N — > M+ is a positive sequence such 
that nip{n) is monotone decreasing. 

Theorem (Khinchin). Let ; N — > M-|- be a positive sequence as above. 

• // X^neN '/'(^) < °° then equation has just finitely many solutions 
71 e N for almost any a. 

• //X^riGN = ^ then for almost any a equation il.l]) has infinitely many 
solutions n N. 

Translation surfaces. The natural generalization to higher genus of a flat torus is 
the notion of translation surface, that is a compact, orientable and boundary- less 
flat surface X, with conical singularities whose angle is a multiple of 27r. If is the 
genus of the surface, E = {pi, ..,_Pr} is the set of conical singularities and ki, .., kr 
are positive integers such that for any i = 1, .., r the angle at pi is 2kiTT, then we have 
the relation ki + .. + kr = 2g+r — l. Flat neighborhoods in X are naturally identified 
with open sets in C, that is they admit a local coordinate z, thus X \ E inherits the 
structure of Riemann surface and it is easy to see that the structure extends to X. 
Since the angles at conical singularities are multiples of 27r then the holonomy group 
is trivial and dz defines a complex one form on X\ E, which extends by z''^~^dz at 
any point G E, that is it has a zero of order ki — 1. The datum of a translation 
surface is therefore equivalent to the datum of a Riemann surface together with 
a complex one form. The moduli space of translation surfaces of fixed genus g 
admits a stratification, where a stratum is the set 'H{ki, ..,kr) of those translation 
surfaces with r conical singularities with fixed values 2kiTT, ..,2kri: for the angles. 
We assume that the singularities are labeled. Any H{ki, .., kr) is a complex orbifold 
with dime = Sg + r— 1, that is it is locally homeomorphic to the quotient of C'^s+r-i 
by the action of a finite group, orbifold points occurs at those translation surfaces 
whose underling complex structure admits non-trivial automorphisms. In general 
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strata are neither compact nor connected, their connected components have been 
classified in |KZj . 

A saddle connection for a translation surface X is a geodesic path 7 : (0, T) — > X 
for the flat metric such that 7^^(I]) = {0,T}, that is 7 starts and ends in S and 
it does not contain any other conical singularity in its interior. If 7 is a saddle 
connection for X we define a complex number Hol(7) := wx, which is called the 
holonomy of 7, where wx is the holomorphic one form associated to X. We call 
Hol(X) the set of complex numbers v — Hol(7), where 7 varies among the saddle 
connections oi X. It is possible to see that Hol(X) contains pure imaginary elements 
only for translation surfaces X lying in a codimension one subset of .., /c^), 

thus in particular a zero measure subset. Nevertheless Hol(X) is always dense in 
PR'^ and in particular it accumulates to the imaginary axis. We define a diophantine 
condition comparing the deviation from the imaginary axis of elements of Hol(X) 
with their norm. We introduce the class of strongly decreasing functions, that is 
those functions (p : [0, +00) — >■ (0, +00) such that tLp{t) is decreasing monotone. For 
such if and for an element v in Hol(X) we consider the condition 

(1.2) mv)\<^{\v\). 

For any translation surface X the associated one form wx induces a pair of 
parallel vector fields dx and dy on X \ S defined by wx{dx) — 1 and wx{dy) — 
•\/— 1 and called respectively horizontal and vertical vector field. They are not 
complete, since their trajectories stop if they arrive at a point of E. In particular 
any point pi e S is the starting point of exactly ki half-trajectories of dx, which 
are called horizontal separatrices. A frame for a translation surface X is the datum 
of r different horizontal separatrices (Si, .., Sr), such that Si starts at pi for any 
i G {1, ..,r}. Any X admits 111=1 different choices of a frame. We denote X the 
datum {X, Si, .., Sr) of a translation surface with frame and we call H{ki, .., kr) the 
stratum of the moduli space of translation surfaces with frame, which is a covering 
space of T-L{ki, ..,kr) with natural projection X 1-^ X. It is possible to show that 
the covering is non-trivial, that is T-L^ki, .., fc,.) is not homcomorphic to the disjoint 
union of YYi=i different copies of 'H{ki, .., kr) and this is equivalent to say that a 
continuous choice of a frame is not possible on 'H(fci, .., kr) but just on ^{ki, .., kr). 
Conceptually the construction is the same as that of the orientable double covering 
of a non-orientable manifold. 

Let A" be a translation surface with frame whose frame is (5*1, .., Sr)- Let pj and 
Pi be any two points in E (possibly the same) and let (m, /) be a pair of integers 
with 1 < TO < % and 1 < / < We define the bundle C(p^'P""'')(A) as the set of 
those saddle connections 7 for X which start at pj , and in pi and satisfy 

2(to - l)7r < angle(7, Sj) < 2rmT and 2{l - l)n < angle(7. Si) < 21tt, 

where Sj and Si are the horizontal separatrices in the frame starting respectively at 
Pj and Pi- A choice of a frame for X therefore induces a decomposition of Hol(X) 
into subsets 

Holfe 'P^ (X) := {Hol(7) ; 7 e C^^^ ' (A)}. 
We proved the following dichotomy. 

Theorem 1.1. Let '■ [Q, +00) (0, -f-oo) he a function such that tip{t) is decreas- 
ing monotone. 
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(1) // °° ip{t)dt < +00 then Hol(X) contains just finitely many solutions of 
equation il.2\) for almost any X G ^{ki, .., kr). 

(2) // Jq °° ip{t)dt — +00 then for almost any X € T-L{ki^ .., kr), for any pair 
of points Pj,Pi in S and for any pair of integers {m,l) with 1 < m < kj 
and 1 < I < ki the set Hol'-^^'^''"'''-'(X) contains infinitely many solutions 
of equation il.2\) . 

Translation surfaces are strictly linked to interval exchange transformations (i.e.t. 
in the following), a class of maps of the interval which has been largely studied, 
for example in |Ve| , [Malj , |Z1| . In particular theorem 11.11 is a consequence of a 
generalization of Khinchin theorem to i.e.t.s which is proved in |Mar2j . Anyway 
the convergent part of theorem 11.11 admits a stronger version, which is proved in- 
dependently from i.e.t.s with an easier argument. Such stronger statement is based 
on a very natural construction, which consists in fixing a translation surface X and 
rotating its vertical direction. If is the rotation angle, we call Xg the rotated 
translation surface. The image of the application 9 Xg is an embedded circle 
in the stratum .., fc^) of X, except for orbifold points, where the image has 

a finite number of self-intersections. Globally we get a smooth orbit foliation of 
Hiki, .., kr) under the action of S0(2,R). 

Proposition 1.2. Let ip be a strongly decreasing function with J^°° (f{t)dt < +00. 
Then for any X in .., kr) and almost any 9 G [0, 27r) the set }lol{Xg) contains 

finitely many solutions of equation il.2\) . 

Since the orbit foliation of 7i{ki, .., kr) under the action of S0(2,R) is smooth, 
the convergent part of theorem 1 1.1 1 is an immediate consequence of proposition [TT2l 

Teichmuller flow. For any translation surface X and any element G G SL(2, R) we 
can define a new translation surface GX whose local charts are the composition 
of the local charts of X with G (the direction of local charts is assumed from 
the surface to C). We have therefore an action of SL(2,R) on H{ki, ■.,kr), or on 
its covering Ji^ki, ..,kr). The Teichmuller flow Tt is the action of the diagonal 
elements of SL(2,R) with trace 2cosht. 

Any translation surface X admits an area form c?z A c?z on X \ S, which defines 
a smooth function X 1— > Arca(X) on strata. We call H^^^ki, .., kr) the smooth 
hyperboloid in 'H{ki, .., kr) of area one translation surfaces and TdS^^ki^ .., kr) the 
corresponding hyperboloid in the covering space of translation surfaces with frame. 
SL(2,R) preserves the hyperboloids and thus the Teichmiiller flow too. The funda- 
mental result of Masur and Veech (see [Mal| and [Wj) says that iFt preserves an 
unique smooth probability measure /i^""^^ on "H^^^ki, .., kr) and its restriction to any 
connected component of the stratum is ergodic. 

Strata are non compact and area one hyperboloids are not compact too, therefore 
by recurrence a generic orbit of J^t makes excursions to infinity. A criterion to 
describe non-compact part of strata can be stated in terms of the systole function 
X 1-^ Sys(X), which assigns to X the length of its shortest saddle connection. The 
main property is that a sequence Xn in 'H{ki^ .., kr) (or in the area-one hyperboloid) 
diverges, that is it escapes from any compact set, if and only if Sys(X„) 0. 
Anyway in general the non-compact part of strata is not a simple cusp, like for 
flat tori, and the vanishing of the systole does not give any information on the 
component of it towards the sequence Xn is diverging to. In order to keep track 
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of this information, for any X in H(fci, .., kr), for any pair of points Pj,Pi G S and 
any pair of integers (m, I) with 1 < m < kj and 1 < Z < fci we set 

Sysfe.P-™.0(X) :^ min{|i;|;^; G Hol^P^-^f-^-'H^)}, 

that is we consider the length of the shortest saddle connection in the bundle 
recurrence the generic orbit is neither divergent nor bounded, 
thus for any datum {pj ,pi,m,l) as before the quantity Sys'^P^^^'*^™'')(J'tX) stays 
bounded away from for the most of the time, but there are arbitrary big instants 
tn such that Sys^P^ 'P""^'^\j^t^^) becomes small. We proved the following theorem, 
which gives a sharp quantitative description of this phenomenon. 

Theorem 1.3. Let tjj : [0, +oo) — >■ (0, +oo) be a monotone decreasing function. 
• If J^°° il){t)dt < +00 then for almost any X G T-L^^\ki, .., kr) we have: 

Sys{TtX) 
lim r= — = oo. 



// °° 'ip(t)dt — +00 then for almost any X G H^^^ki, .., kr), for any pair 
of points Pj,Pi G S and any pair of integers {rn,l) with 1 < m < kj and 
1 < I < ki we have 

^^Sysi^^^P^pOj^a) 

For the one parameter family iplt) := min{l,t^^} with ?' > 1 a straightforward 
application of both the divergent and the convergent parts of theorem 11.31 implies 
the following corollary. 

Corollary 1.4. For any pair of points Pi,Pj G for any pair of integers {m,l) 
with 1 < m < kj and 1 < I < ki and for almost any X G W^\ki, .., kr) we have: 

-log Sys^P''P^'"'''Hj'tX) 1 

lim sup z = - . 

t-)-oo logt 2 

CoroUarv 11.41 corresponds to Masur's logarithm law (see |Ma3j ) restricted to 
strata of abelian differentials. It is a less general result, since Masur's logarithmic 
law holds in the most general setting of quadratic differentials (i.e. the cotangent 
bundle of the moduli space of complex curves). On the other hand our result 
contains a finer information, since we are able to prove the estimation not only for 
the classical systole function Sys{X), but for all the functions Sys^Pj^P*''"^'^(X). 

Question 1.5. Theorem 11.31 is a consequence of theorem ll.li which is based itself 
on a generalization of Khinchin theorem for i.e.t.s, namely theorem 13.71 in para- 
graph [3AT] I.e.t.s have been generalized with linear involutions by Danthony and 
Nogueira (see |DaNop and the latter have been related to quadratic differentials by 
Boissy and Lanneau (see [BoLaj ). We ask if it is possible to extend theorem 13.71 to 
linear involutions, which would bring to an extension of theorem ll.3l to the setting 
of quadratic differentials. 
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Punctured tori. Since the orbit foliation under S0(2,R) is smooth, the divergent 
part of theorem 11.11 imphes that for almost any translation surface X the statement 
in the theorem holds for almost any rotated surface Xg. We ask what we can prove 
for any orbit and not just for generic ones. We have some partial result in this 
direction for a flat torus X with r punctures. Since we consider a flat torus we not 
have true conical singularities, that is any puncture has an euclidian neighborhood, 
anyway their position determines a subset S = {pi, ..^Pr} oi X with a non-trivial 
geometric information. The moduli space of the pairs {X, S) is a fibre bundle over 
the modular surface. Any point of S is the starting point of exactly one horizontal 
separatrix, thus a frame is intrinsically defined and a bundle of saddle connections 
is simply determined by the pais of points pj , pi in E where the saddle connections 
7 respectively start and end, therefore we denoted it simply C^p^'P'\X) and we 
write Hol*-^^ (X) for the set of the corresponding holonomy vectors. We remark 
that even if points in E have a flat neighborhood, we want saddle connections not 
have them as interior points. We proved the following theorem. 

Theorem 1.6. Let f be a strongly decreasing function with (p{t)dt = +oo. 
Then for any flat torus X with r punctures pi, --TPr and for almost any 6 [0, 2tt) 
there are at least 2r ~ 1 different pairs of punctures {pj,pi) such that the corre- 
sponding sets llo\^P''P^\Xg) contain infinitely many solutions of equation U.^) . 

Note: We observe that for an arbitrary set of punctures E we cannot expect 
to have the same result of theorem 11.61 for any pair of points. This is evident for 
example if X is the flat torus C/(2Z)^ with four punctures corresponding to the 
points of Z^/(2Z)^, indeed in this case the set Hol^^*''''^(X) is empty for any pi S E. 
We observe also that we do not know if our result is optimal, that is neither we are 
able to find generically more than 2r — 1 different pairs {pj,Pi) as in the statement, 
nor we can find counterexamples. 

Content of this paper. Section ^ is a brief survey of the background theory 
of translation surfaces and interval exchange transformations. In paragraph 12.11 
we give rigorous definitions for translation surfaces and their moduli space. In 
paragraph l2.2l we introduce the class of interval exchange transformations and their 
parameter space, which is union of euclidian spaces. Then we describe Veech's 
construction, which is a procedure to get a translation surface as suspension of an 
i.e.t.. We also explain that the construction provides us with a family of local charts 
on strata of the moduli space which cover a subset of full measure. 

Section 3 is devoted to the proof of theorem 11.11 In paragraph 13.11 we prove 
proposition ! 1 . 2l and according to the discussion above this proves also the convergent 
case of theorem 11.11 The argument is a simple application of the Borel-Cantelli 
lemma on the orbit under S0(2,M) of any translation surface X. In paragraph 
13.21 we give the definition of translation surfaces with frame, then for these objects 
we define the bundles of their saddle connections. We show that the bundles are 
preserved by the Teichmiiller flow on strata of translation surfaces with frame. In 
ti3.2.3l we give an alternative definition of bundles of saddle connections, adapted 
to the Veech's construction. In lemma 15^ we show that the two definitions of the 
bundles coincide. In paragraph |3]3] we give a combinatorial construction of families 
of saddle connection in a required bundle. We work with Veech's construction, our 
construction is based on the combinatorial notion of reduced triple for an i.e.t., which 
is introduced in definition l3.5l The main result of the paragraph is proposition l3.6l 
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In paragraph 13.41 we give the proof of the divergent part of theorem ll.il We apply 
theorem 13.71 which is a generahzation of Khinchin theorem for i.e.t.s and provides 
us with infinitely many reduced triples satisfying equation (j3.2l) . a diophantine 
condition related to equation (II. 2[) . Then we apply the construction of paragraph 
1331 

Section 4 contains the proof of theorem 11.31 We first observe that theorem 11.11 
also holds on the hyperboloid TiS^^ki, ..,kr) of area one translation surfaces with 
frame with respect to the associated smooth measure /i*-^' . In paragraph 14.11 we 
prove some preliminary estimations on the dilatation of lengths of saddle connection 
under the Teichmiiller fiow. We just look at length and we are not interested on 
the information on the bundles they belong to, so we work with translation surfaces 
without any choice of a frame. In paragraph 14 . 2 1 we complete the proof of theorem 
11.31 The proof of corollary 11.41 is omitted since it is straightforward. 

Section 5 contains the proof of theorem 11.61 In paragraph 15.11 we recall that a 
flat torus X without vertical closed geodesies and with a set S of r punctures can 
be represented as a suspension of a rotational i.e.t. T with r + 1 intervals, that is an 
i.e.t. with just one true singularity. Then we study how the parameters describing 
the associated rotational i.e.t. change when the vertical direction of X is rotated. 
The main result in the paragraph is lemma l5?T] In paragraph l5.2l we prove theorem 
11.61 applying the construction of paragraph 15.11 and using an arithmetic result, 
namely theorem l5.5l which is a generalization of Khinchin theorem for a diophantine 
condition defined by equation 115. 2p . In paragraph 15.31 we prove theorem 15.51 in 
particular in ij5.3.2l we recall some very classical results for the continued fraction 
algorithm^ our presentation follows a geometrical interpretation. In i i5.3.3l we define 
a family of approximations for an irrational number called twisted approximation. 
The proof of the theorem is completes in §5.3.41 and 15.3.51 

Acknowledgements. The results in this paper were obtained in my Ph-D thesis. 
I would like to thank Jean-Christohpe Yoccoz for many discussions and for his help 
in revising this work. I am also grateful to Stefano Marmi for many discussions and 
to Giovanni Forni and Pascal Hubert for many precious remarks. 

2. Background 

2.1. Translation surfaces. Let g be a positive integer and consider r positive 
integers fci, .., fc^ such that ki .. + kr — 2g + r — 2. A translation surface is given 
by the following data 

(1) A compact, boundary-less, orientable topological surface X of genus g with 
a finite subset S = {pi, ...,Pr} with r elements. 

(2) An atlas on A \ S such that the changes of charts are translations. The 
direction of charts is assumed from the surface to C, if p and p' are two 
element of the atlas then p' o p^^(z) = z + const. Such charts are called 
translation charts. 

(3) For any G S a neighborhood Vi oi pi, a neighborhood of in C 
and a ramified covering {Vi,pi) — >■ (W, 0) of degree ki whose branches are 
translation charts of the atlas. 

We call Trajisl(A;i, .., kr) the set of translation structures as above. Any element 
X in Transl(fci, .., kr) provides us with the following structures 

• A Riemann surface structure on X (not only on A \ S). 
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• An holomorphic l-form wx on X, which in translation charts is given by 
dz. The zeros of wx are exactly the points of S, in a chart around any 
Pi e E the form wx is given by z'''~^dz, that is it has a zero of order ki — 1. 

• A flat metric gx ■— \dz\'^ defined on X \ E, with cone singularities of total 
angle 2fci7r at any point pi £ E. 

• Two vertical and horizontal vector fields dy and dx on X \ E defined by 
wx{dx) = 1 and wx{dy) = 1 and denoted respectively horizontal and 
vertical vector field. These fields are not complete since their trajectories 
stop at points in E. We call horizontal separatrices the trajectories of dx 
starting from a point S E. A singularity pi of order ki is the starting 
point of exactly ki horizontal separatrices. 

• An area form dwx A dwx on X \ E. 

We recall from the introduction the notion of saddle connection for a translation 
surface X. It is a geodesic path 7 : (0,T) AT for the flat metric such that 
7~^(E) — {0,r}, that is it starts end ends at points in E and does not contain 
other such points in its interior. 

2.1.1. Moduli space. Let us consider two elements X and X' in Transl(fci, .., fc,.) 
whose sets of singular points are respectively E — {pi, ..,Pr} and E' — {p[, ..,p^}- 
We define an equivalence relation on Transl(fci, .., kr) saying that A ~ A' if there 
exist a diffeomorphism / : A — > A' such that 

• f{Pi) = Pi for aU i = 1, .., r 

• p is a translation chart of A if and only if po / is a translation chart of A'. 

The quotient is the stratum of the so called moduli space of translation surfaces 
with cone singularities of orders fci, .., fc^, and is denoted H(ki, .., kr). 

2.1.2. Teichmuller space. We fix a reference topological pair (M*,E*), where M* 
is homeomorphic to any surface in Transl(fci, .., /c^) and E* — {p\^..,p*} is any 
subset of M* with r elements. We denote Diff+(M*,E*) the group of diffeomor- 
phisms of M* which preserve the orientation and are the identity on E* and we 
call DiffJ(M*,E*) the subgroup of those diffeomorphisms which are isotopic to 
the identity. A marking of a translation surface A is a diffeomorphism of pairs 

0: (il/r,E*)^ (A,E) 

such that <?!>(p*) = Pi for all z = 1, .., r. We denote (A, (j)) the datum of a translation 
surface with marking and we denote Transl* (fci , . . , fc^ ) the set of translation surfaces 
with marking. We define an equivalence relation saying that (A, (f) ^ (A', (j)') if 
there exist a diffeomorphism / : A A' as in paragraph 12.1.11 such that 

0'"^ o fo(j) & Diff+(M*,E*). 

The quotient of Transl*(fci, ..,kr) by ^ is a stratum of the so-called Teichmiiller 
space of translation surfaces with cone singularities of orders ki, ..,kr, and is denoted 
T{ki, ..,kr). 

2.1.3. Period map and local coordinates. We fix a basis of cycles {7i,..,7rf} for 
iJi(M*,E*,Z), where d = 2g+r-l. The so called period map 6 : T{ki, ..,kr) C 
associates to a translation structure with marking (A, (p) a complex vector z in 
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by the formula 

(2.1) z,:= [ wx. 

We observe that the integral in (|2.ip is an isotopy invariant, so Q is well defined. 
The Teichmiiller space T(fci, .., fcr) inherits its topology from via Q. 

Proposition. The map in 112. 1\ ) is a local homeomorphism. 

Proof: The map is continuous by definition, so it is enough to prove that it is 
open and that its restriction to small open sets is injective. It is known that any 
translation surface X admits a triangulation whose vertices are the points in E and 
whose edges are saddle connections (see |E,M| for example) . If (X, 0) is a translation 
surface with marking, the pre-images under of the edges of the triangulation are 
elements in Hi{M* , E*, Z) and the triangulation can be represented combinatorially 
as a (non planar) graph, whose vertices are the points in S* and whose edges are 
elements in Hi{M*, E*, Z). Once the combinatorics of the triangulation is fixed, the 
values zi,..,Zd of the periods on the basis {7i,..,7^} of i7i(A/*, E*, Z) determine 
the triangulation, and therefore the translation surface. In particular the values 
zi, .., for the periods which define a triangulation are determined by some system 
of linear inequalities, which give an open condition in C^, therefore the map Q is 
open. On the other hand, we can take open sets U in T{ki, ..ykr) small enough 
in order to have that any {X, 0) in U admits a triangulation whose combinatorial 
representation is the same. From the discussion above it follows that any such 
(Xjcj)) is determined by the values Zi = wx of its periods, therefore 0|;7 is 

injective. The lemma is proved. □ 

Since O is a local homeomorphism, T(fci, .., fc^) inherits from C^^^*"^^ the struc- 
ture of complex manifold, whose complex dimension is of course 2g + r — 1. The 
group Diff+(M*,E*) acts (on the right) on T(fci,..,fcr) by 

{X,(t>)^{X,^of), 

moreover the action of the subgroup Dif f(|(M*, E*) is trivial, since the Teichmiiller 
space is defined modulo isotopies. It follows that we have an action (on the right) 
on T{ki, .., kr) of the so called mapping class group 

Mod(5,r) := Diff+(M*, E*)/Dif f(J"(M*, S*). 

The action if faithful and proper, but it has non trivial stabilizer at surfaces admit- 
ting complex automorphisms. The quotient is exactly the moduli space 'H{ki, .., kr), 
which inherits therefore the structure of a complex orbifold with complex dimension 
2g + r - 1. 

2.1.4. Smooth measure and Teichmiiller flow. For any G € GL(2,IR) and any X S 
Traiisl(fci, .., fcr) we define a new translation surface GX whose local charts have 
the form G o ip, where (/? is a local chart of X. Since the translation subgroup is 
normal in the group of affine automorphisms of M? , then GX is still a translation 
surface. Thus GL(2,M) acts on the left on Transl(fci, .., kr). Since Dif f+(M*, E*) 
acts on the right on Transl(fci, .., kr), then the two actions commute and we get 
an action (on the left) of GL(2,R) on H{ki, .., kr) 

Let us consider the standard volume form dLeb on C"^^^^^^, normalized in order 
to give CO- volume one to the integer lattice (Z © iZ)^^"'"''^^. Using the period map 
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& we pull back the standard form and we get a smooth form dm :~ 0*dLeb on the 
stratum T{ki, ■.,kr)^ whose associated smooth measure is denoted m. The action of 
any element / in Mod(g, r) on Hi{M* , S*, Z) is represented by some ^/ in SL(d, Z) 
which satisfies Qo f = A/oO, thus Mod((7, r) preserves the form dm on T{ki, .., kr), 
and therefore the measure m. It follows that the projection to the quotient induces 
a well defined volume element d/i on Hiki, .., kr), whose associated smooth measure 
is denoted /i. 

For any X G TrcLnsl(A;i, .., kr) the corresponding holomorphic 1-form wx induces 
an area form wx A wx on X \ S. The area of X is given by 



Area(X) :— I wx A wx- 
Jx\j: 

The integral above is obviously invariant under the action of Dif f +(M*, E*) and in 
particular of Dif f ,J"(M*, E*), therefore it defines a function on T{ki, .., kr) which 
is invariant under Mod((7, r). This amounts to say that we have an area function 
X > Area.{X) on the moduli space H{ki, .., kr). For any choice of a marking {X, (p) 
in T(fci, ..,kr) the well known Riemann's bilinear relation expresses Area(X) as a 
real analytic function of z = Q{X,(j)), it follows that the area function is smooth 
on T(fci, ..,kr) and we have a sub-manifold of real codimension one 

r(i)(fci,-,fcr) erW(fci,..,fc,);Area(X) = 1}. 

The muduli space of area one translation surfaces is the smooth hyperboloid 

H(i)(fci, .., kr) r(i)(fci, .., fc,)/Mod(<?, r), 

it is possible to see that it is non-compact and in general non-connected (see [KZj ). 
We have an homeomorphism from R_|- xTi^^^ki, .., kr) to 'H{ki, .., kr) sending (A, X) 
to \X, where the multiplication by A is given by the action of GL(2, M). It follows 
that the volume element dfi decomposes as 

d^l = X"'dXAdn'-^\ 

where n — 4:g+2r—3 and d/i'-^-' is a volume form on H'^^^ (fci, .., kr), whose associated 
smooth measure is denoted 

SL(2, R) acts on T-L^^^ki, ..,kr) as subgroup of GL(2, M) and it is easy to see that 
it preserves /i*^^^. The Teichmuller flow Tt on 'HS^^ikx, ■■,kr) is the action of the 
diagonal subgroup of SL(2,R), that if for any t € R: 

/ e* 

We recall the following fundamental basic result in Teichmiiller dynamics (see [Malj 
and j^). 

Theorem. The smooth measure n^^^ gives to 'H'^^\ki, ..,kr) finite volume and its 
restriction on any connected component is ergodic with respect to J-f. 

2.2. Interval exchange transformations and Veech's construction. 

2.2.1. Interval exchange transformations. Let X be a translation surface and let 
/ be an horizontal segment in X, that is a finite segment of a trajectory of the 
horizontal field dx. For a; G / we denote T{x) the first intersection of / with the 
positive trajectory of the vertical field dy starting from x, in other words we consider 
the first return map to I of the vertical flow. Since dy preserves the area element 
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on X, then T is defined almost everywhere on /, moreover T preserves the length 
element dx on /, therefore it acts locally as a translation in the coordinate x. It 
follows that the domain of T is union of open sub-intervals of /, whose endpoints lie 
on positive trajectories of dy ending in points of S without passing from /. There 
are just finitely many such trajectories, thus the domain of T is union of a finite 
number of intervals and the effect of T is to rearrange them in / by translations. 
A map like T is called an interval exchange transformation. 

Definition 2.1. Let d > 2 and let A — (Ai, .., A^) be a vector in and tt be a 
permutation in the symmetric group Sd- An interval exchange transformation (we 
will write i.e.t.) with d intervals is a map T from an interval I to itself defined by 
the data (tt, A) as follows. 

• The interval I admits two partitions into open sub-intervals I — uf^^Il and 
I — Uf^^lf . For any i £ {1, if we start counting from the left, If is 

in i-th position in the first partition and is in i-th position in the second 



• For any i E {l,..,d} we have that |/*| — [/^(-j-jl — K o,nd the restriction of 
T to /* is the translation onto I^f^^y 

The data vr and A are called respectively the combinatorial datum and the length 
datum ofT. 

For any combinatorial datum tt let us call A^r :— {tt}xB.'^ the set of all i.e.t.s with 
combinatorial datum tt. For an i.e.t. T with d intervals and for any i G {1, .., d} we 
call u* the left endpoint of /* and the left endpoint of /f. Any it* is a discontinuity 
of T and any is a discontinuity of T~^. We say that the combinatorial datum tt 
is admissible if for any integer k with 1 < ^ < we have 7r{l, .., fc} 7^ {1, .., fc}. A 
connection for T :/—>■/ is a triple {q,p^ n) with 1 < q < d., 1 < p < d and n € N 
such that T"w^ = u*. In particular, if T has no connection, then its combinatorial 
datum is admissible. 

2.2.2. The Veech construction. In this paragraph we describe a construction given 
by Veech in |Vej and known as zippered rectangles construction. We follow the 
presentation of |M,M,Y| , even if we use a slightly different notation. Let d> 2. For 
an admissible combinatorial datum tt in Sd let be the open convex polyhedral 
cone in M'' of those r such that for any l<k<d— Iwe have 



The cone is never empty since it contains the vector r with coordinates := 
7r(«) — i. We say that a vector r in 0^ is a suspension datum for tt. 

Let us consider a pair (A, r) with A G A^r and r e 0^. The data (vr. A) define an 
i.e.t. T on some interval /. We will construct a translation surface X = X{tt, A, r) 
containing / as horizontal segment and such that the construction in paragraph 
12.2.11 gives exactly T as first return to / for the vertical field of X. We first define 
the complex vector ( = \ + \/ —\t E C*, then for any i e {1, ..,£?} we define two 
complex numbers 



partition. 




i<k 



Tr{i)<k 



and ^ 0- 



j<i 7r(j)<Tr(i) 
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We observe that = — and we set ^* = Yli=i Cjj ^* ■= Yli=i ^^'^ '''* ~ 
'^i- Condition r € ©jr means that for any i with 1 < i < d we have > 

and ) < 0. We also define the translation datum 9 G setting 9i := — ^| 
for any i, then we decompose it as 6* = (5 — -y/^/i with S,h & R'^, in particular, 
since tt is admissible, we have hi = — > for any i G {1, ..,d}. 

We may suppose that the i.e.t. T defined by the data (tt, A) acts on the interval 
/ = (0, A*). It ul and denote the singularities for T and we have 

j<i 7r(j)<7r(i) 

Observe that uj = 3?(^*) and = 3f?(ef) for all i = l,..,d. We embed / in the 
complex plane, that is we consider / = (0, A*) x {0}, then we define 2d open 
rectangles in C setting for any i £ {1, .., d} 

Rl := {ul,ul + \i) X {0,hi) 
R\ := {u\,u\ + K-i(,)) X (-/i^-i(,),0). 

In order to get a surface we zip together these rectangles with the identifications 
described below. 

(1) For each i G {1, .., d} the rectangle R\ is equivalent to the rectangle .R^(j) 
under the translation by the translation datum 9i. 

(2) For each i with 1 < i < d we paste together R\ and R\_i along the common 
vertical open segment which connects the point u\ + 0\/^ to the point 

(3) For each i with 1 < i < d we paste together i?J and R\_i along the vertical 
open segment which connects the point u\ + 0\/^ to the point 

(4) For any i G {1, .., d} we paste R\ to I along its lower horizontal boundary 
segment ti\ + Aj) x {0}. 

(5) For any i G {1, .., d} we paste R\ to / along its upper horizontal boundary 
segment {u\,u'l + A^-i(j)) x {0}. 

(6) We observe that K-^d) = ~ '^'^^d) = ^ 
similarly hd = U - '^{Cid)+i)- If > then K-i^d) > S('?t-i(d)+i) 

the translation by ^,r-i(d) induces an identification between the vertical 
segment connecting 'U'*^-i(^d)+i ~^ a/— lft-7r-i(<i) to ^^-i(^d)+i vertical 
segment connecting A, + to If r* < then —hd > ^{^'lr{d)+i) 

and the translation by —9d induces an identification between the vertical 
segment connecting Ct(d)+i ^° ^t(<i)+i ~ V— l^d and the vertical segment 
connecting to A* + 0\/— T. 

(7) Finally we add the origin of C, the points ^| with 1 < i < d, the points 

with 1 < 7r(i) < d and the point ^* 

Definition 2.2. For any admissible combinatorial datum it in Sd and for any 

pair of length- suspension data (A,t) /or tt we call X (i: , X, t) the translation surface 
which is obtained following the procedure above. A translation surface X such that 
there exists a triple of data (tt. A, r) as above satisfying X = X{'jt,X,t) is said 
representable with the Veech construction. 

Now we determine the stratum of the moduli space where the surface X{t:, A, r) 
lies. We fix a small positive number e and for i G {2, .., d} we define two half sectors 
Dj := B{^j, e)nRl and := , e)ni?f in the complex plane, where the notation 
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suggests that these sectors look like the letter D. Any Dj is equivalent to -Dj^jij under 
the translation by 9i, therefore they are identified to the same sector in X{'k, A, r). 
Similarly for i e {l,..,d— 1} we define two half sectors C* := B{^l,e) n R^^i 
and Cf := B{£_'^,e) n here the notation suggests that these sectors look like 

the letter C. As before C* is equivalent to C'^(j) under the translation by 9i and 
they are identified to the same sector in X(tt,\,t). We introduce the set HS := 
{{i, D)}i^^2,..,d} U {{i,C)}isz{i^,,^d-i}: which has 2{d — 1) elements, that we use 
as labels for the sectors introduced above. The labeling obviously associates the 
symbol {i,D) to any half sector and the symbol {i,C) to any half sector C*. 
Finally we introduce a bijection n of the elements of HS defined by 

D) {■K{i ~ 1), C) and ^{i, C) := (7r-i(i + l),D). 

Let us consider any singular point p € S for the surface Ar(7r,A,T) and any half 
sector D\ in p. Turning in counterclockwise sense around p we pass from D\ to 
C*_]^, which is identified to C'jj(-,-_-^j. Then turning in the same sense we pass from 
^l(t-i) to which is equivalent to -D^-ij^+i), where j = Tr{i - 1). It 

follows that for any p G S, the number ho half sectors that we meet turning around 
p equals to the length of a cycle of tt . We have proved the following 

Lemma. For any triple of data (tt, A, r) the translation surface A(7r, A, r) lies in 
a stratum ^-[{ki, ..,kr) which depends only from the combinatorial datum tt. 

We also recall the following well known result (see |Y3) ) . 

Lemma. For any X in'H{ki^ ..,kr) without vertical saddle connections there exists 
an admissible tt G S2g+r-i o,nd a pair of data (A,t) g x such that X = 
X{t:,X,t), anyway the triple of data (tt, A, r) representing X is not unique. In 
particular almost any X in 'H{ki, .., k^) is representable with the Veech construction. 

2.2.3. Veech local charts. We recall that in the definition of the Teichmiiller space 
we considered a reference topological pair (M* , E*), moreover in order to define the 
period map we fixed also a basis {j^, .., 7jJ} for ifi(M*, S*, Z). 

According to the construction in paragraph 12.2.21 for d > 2 and for any admis- 
sible TT €E S'd we have a well defined map 

, , : X )■ .., kr) 

^ ' (A,r) ^ X{7t,X,t). 

Let us consider any (A, r) e A^r x Ott and the associated translation surface X = 
X{tt, a, t). Using the notation of paragraph l2.2.21 for any i G {1, .., d} we define 
as the segment in C connecting to + Q and ^ as the segment in C connecting 
to + ■ It is easy to see that for any i G {1, .., d}, either or projects to 
a saddle connection in X{tt, A,t), that we denote Q- It is also easy to see that the 
set of curves {(i, .., Cd} is a basis for Hi{X, S, Z). Therefore we can define naturally 
an isotopy class (^(tt, A, t) of maps of pairs cf) : (M*, S*) — )■ {X, S) such that for any 
i G {1, .., d} we have 

0(7r,A,r)(7;) = 5, 

where the equal means that the two curves are isotopic (non just homologous). 
It follows that the zippered rectangle construction induces naturally a marking 
^(tt, a, t) of X(tt, a, t), that is we have a map 
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, . : X r(fcl,..,fcr) 

^ ' (A,r) ^ (X(7r,A,r),0KA,T)). 

Lemma 2.3. -For any admissible tt the mapX^ in h2. 3^) is an homeomorphism onto 
its image, moreover the push-forward Xj^Leb of the lebesge measure on Ajr x is 
equivalent to the restriction of the smooth measure m to the image oflj. 

Proof: Since 0(7r, A, t)(7*) — Q for any i e {1, ..,d}, then it follows from equation 
(|2.ip that Q oXj is the natural immersion of A^r x G^r in C^s+r~i^ where g and r 
are determined by tt. Since is a local homeomorphism, then also is, moreover 
it is injective, therefore is an homeomorphism. Since ij^ is a local inverse of Q the 
second part of the statement is obvious. □ 

Corollary 2.4. For any admissible tt the map in is continuous and open, 

moreover the push-forward T-^^Xieh of the lebesge measure on Ajr x Q^^ is equivalent 
to the restriction of the smooth measure /i to the image of 1^^ . 

3. Dichotomy for the Khinchin type condition 

3.0. 4. A remark on strongly decreasing functions. We recall from the introduction 
the notion of strongly decreasing function, that is : [0, +oo) — (0, oo) such that 
tifit) is decreasing monotone. We can restrict such function to integers, obtaining 
a sequence {ip{n))n&i- In particular if{t) is monotone, therefore 

of the same order of ip{t)dt, that is the series diverges if and only if the 
integral diverges. For any real number 9 > 1 we can also consider the sequence 
tpn 0"'ip{9'^) and it is an easy exercise in calculus to see that since tip{t) is 
decreasing monotone than X^J^o ^ '^^ only if v{t)d-t = +oo. 

3.1. Proof of the convergent case of theorem ll.il In this paragraph we prove 
proposition [12] and therefore the convergent part of theorem II . II too . Let X be any 
translation surface. S0(2, R) acts on the stratum of X as subgroup of SL(2, ffi.) and 
we call Xq the image of X under 

/ cos 6 — sin ( 
^0= y sine cose 

Let (p : [0, +oo) — >■ (0, +00) be a strongly decreasing function with /g^°° ip{t)dt < 
+00. We show that for almost any e £ [0, 2n) the set Hol(Xe) contains just finitely 
many solutions of equation (|1.2p . Since the flat metric of Xg is the same as the flat 
metric of X, then the set of all the saddle connections of X is also the set of the 
saddle connections of Xg for any 6*. It follows that llo\{Xg) = Rg}iol{X) and in 
particular the length |Hol(7)| of a saddle connection 7 is invariant under rotations. 
For any v G Hol(X) we define the set 

I{v) -.^ {e e [0,27r);mRgv)\ < ipQvl)}, 

that is the set of those e such that }iol{Xg) contains Rgv as solution of equation 
(|1.2p . Our strategy is to prove that X]i;eHoi(X) -'^^1^(^('^)) ^ ^^^^ t^ie classical 
Borel-Cantelli lemma implies that almost any g [0, 27r) is contained into a finite 
number of sets I{v), which is equivalent to say that llo\{Xg) contains just finitely 
many solutions of equation (|1.2p for almost any 6*. 
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In |Ma2| Masur proves that for any translation surface X the number N{X,L) 
of elements v of Hol(X) with norm |ti| < L has quadratic growth with L, that is 
there are two positive constants c < C such that for any L big enough we have 



cL^ < N{X,L) < CL^. 



We write 



E Leb(/(^;)) = E Leb(/(«)) + ^ E Leb(/(«)) 

DeHol(X) |d|<1 fceN* \2'=-i<|d|<2'= 

We observe that ^{Rgv) /\v\ is the sinus of the angle between Rgv and the imaginary 
axis. Since Lp is bounded, than for any e > and for \v\ big enough we have 
Leb(/(w)) < (2 + e)(y5(|u|)/|w|. Recalling that tif{t) is decreasing monotone, and 
therefore too, and applying Masur's estimation for N{X, 2^) with k big enough, 
we get 

E Leb(/,)<C7(2 + .)2^^-^|^. 

2'=-i<|i;|<2'' 

It follows that the tail of the sum 'Yl,v&io\(x) Leb(/(w)) is controlled by the series 
X^fcLi 2*^93(2'^), modulo a multiplicative constant. According to remark [3. 0.4[ con- 
dition J^°^ (p{t)dt < +00 implies X]i>gHoi(x) L^^C-^l"*^)) +00. Proposition 11.21 is 
proved and the convergent part of theorem ll.ll too. 



3.2. Bundles of saddle connections. 



3.2.1. Framed translation surfaces. A frame for a translation surface X is the da- 
tum of r horizontal separatrices {Si, ..,5^) such that Si starts in G S for any 
i — l,--,r. We denote X the datum {X, Si, .., Sr) of a translation surface with 
frame and Trajisl(fci, .., kr) the set of translation surfaces with frame whose singu- 
larities have orders fci, ..,kr. An equivalence relation is defined on this set setting 
X ^ X' if there exists an diffeomorphism f : X X' as in the definition of the 
moduli space in paragraph 12.1.11 such that for any i = 1, .., r we have 

f{S.) = Si, 

where (^i, .., Sr) and {S[, .., S'^.) are respectively the frame of X and the frame of X'. 
We denote 'H(fci, .., kr) the quotient, which is called the moduli space of translation 
surfaces with frame. The map 

T-L{ki, ..,kr) — > H{ki, ..,kr) 
X ^ X 

is a covering map of degree 111=1 therefore H{ki, .., kr) inherits the structure 
of complex orbifold of complex dimension 2g + r — 1 . Obviously all the structures 
defined on 'H(fci, - -Tkr) have a corresponding lift in the covering space. In particu- 
lar we have an action of GL(2,M) and a smooth measure on 'H{ki, .., kr), that we 
still call /i, which is invariant under the sub-group action of SL(2,M). The smooth 
hyperboloid 'H^^^ki, ..,kr) of area one translation surfaces with frame is also ob- 
viously defined, together with the induced smooth SL(2, ]R)-invariant volume /i^^^ 
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We will be interested to the action of the Teichmiiller flow, that is the action of the 
diagonal subgroup 

- 1^ e- 

The definition of 'H(fci,..,fcr) is conceptually the same as the definition of the 
double-orientable cover of a non-orientable manifold. The introduction of the cover- 
ing is necessary because the choice of a frame is not invariant under J^t for elements 
of'H{ki, .., k^). For example in T-Liki, .., kj.) there are closed orbits of J-t with period 
T such that, for any X in the orbit and any choice of a frame (5*1, .., Sr) on X, we 
have {TtSi, ..^TrSr) ^ {Si,..,Sr)- 

3.2.2. Bundles of saddle connections. Let X any element in T-l^ki, .., kr), let Pi,Pj 
be any pair of point in the singular set S of X and let I € {!,.., ki} and m G 

Definition 3.1. A bundle of saddle connections is a set C(P^'P-™'')(^) of those 
saddle connection 7 for the translation surface X which start in pj , end in pi and 
satisfy 

2(m — l)7r < angle(S'j, 7) < 2m7r 
2{l - 1)tt < angle(S',,7) < 2lTr, 

where {Si, .., Sr) is the frame for X corresponding to X. We denote Hol'-^^'^*'™''-'(X) 
the set of complex vectors v = wx for 7 in C*^p^'P''™^'-'(X). 

Lemma 3.2. Let X be any element in 'H(fci, .., kr). Letpj,pi be any pair of points 
in S and (to, I) be a pair of integers with 1 < m < kj and 1 < I < ki. Then, for 
any 7 e C(P^'P-™'')(X) and for any t G M, 7 is a saddle connection for TtX and 
moreover it belongs to C^P^-P-"''^^{J'tX). 

Proof: The Teichmiiller fiow obviously preserves saddle connections and the 
names of singular points in S. Let pj and pi be points in S and let 7 a saddle 
connection for X starting at pj and ending at pi. Let (Si, .., Sr) be the frame on X 
carried by X. For any t GM.we call 74 the saddle connection for J^tX corresponding 
to 7. The frame carried by TtX is (TtSi, ..,J-tSr) and we have 

tan angle(J^f S'j , 74) — e~^* tan angle(S'j , 7), 
tanangle(J"tS'i, 7t) — e~^* tan angle(S'i, 7), 
therefore the relations in definition 13.11 are preserved. The lemma is proved. □ 

3.2.3. Relation with the Veech construction. Let us fix d > 2 and an admissible 
combinatorial datum tt G Sd. For (A,t) in A^r x 0^ let us consider the translation 
surface ^(tt. A, r). We fix a small positive real number e and for any i € {2, .., d} 
we define an horizontal segment S^ : (0, e) — ^ C in the complex plane by 

stit) ■.^e^+t{l,o). 

The projection to X(7r, A, t) of the segment 5*1 is the beginning segment of an 
horizontal separatrix in X{tt,X,t), that we call Sf'^'^^^. There are exactly d — 
1 horizontal separatrices as above and they are all distinct. The orders of the 
singularities of X['k, A, r) satisfy ki + .. + kr = 2g + r — 2 — d — \, therefore 

f QVeech QVeech\ 
X'->2 T-y^d 5 



KHINCHIN CONDITION AND ASYMPTOTIC LAWS 



17 



is the set of ah the horizontal separatrix for X{t:, A,t). 

Definition 3.3. For a pair of integers {q,p) with 1 < q < d and 1 < p < d we 
denote V^*'^-'(7r, A, r) the set of those saddle connections 7 for X(tt, A, r) which start 
in the point of E where S^'^'^'^^ starts, end in the point of E where S^'^'^^^ starts, 
and satisfy 

< angle(S'|'^<=='^ 7) < 27r. 

Lemma 3.4. Let {X,t) m A^r x Ott, consider X = X (t: , X, t) m .., fc^) and 
take any pre-image X of X in H^ki, ..,kr). Then for any pair of points Pj,Pi in 
E and any pair of integers (rn, I) with 1 < m < kj and 1 < I < ki there exist an 
unique pair {q,p) in {2,..,(i}^ such that 

Cfe^P-'".0(x) = v(«'P)(7r,A,T). 

Proof: Let {Si,..,Sr) be the frame on X — X{'k,\,t) carried by X. Since 
^^Veech^ ^yeech-j ^^^^ ^-j^g horizontal separatrices of X, then for any pair of 
points Pj^Pi in E and any pair of integers (to, I) with I < m < kj and \ < I < ki 
there exist an unique pair {q^p) in {2,..,d}^ such that S^^'^'^^ starts in pj (where 
Sj starts), Sp'^'^'^'^ starts in pi (where Si starts) and we have 

angle(S•,^'=*='=^ Sj) = 2(to - l)7r and angle(5'^'='='=\ fi-,) = 2{l ~ \)tx. 
The statement in the lemma is therefore evident. □ 

3.3. Combinatorially defined saddle connections. Let tt G S'd be an admissi- 
ble combinatorial datum and (A, t) be a pair of length-suspension data in Ajr x 0^. 
We recall that if T : / ^ / is the i.e.t. defined by the data (tt. A), then the interval 
/ embeds naturally in the translation surface X(7r, A, r) as an horizontal segment 
and T is the first return map to / of the vertical flow on X(7r, A, r). 

3.3.1. Combinatorially defined homology classes. In the following we use the nota- 
tion of the Veech construction for X — X{tt,X,t) introduced in paragraph 12.2.21 
We recall that to any complex vector Ci = A + ^/—iTi is naturally associated a sad- 
dle connection Q, which in particular defines an element [Q] in _ffi(X, S,Z). The 
formulae 

j<i Tr(j)<7r(i) 

extend formally on relative (or absolute) homology classes 

j<i ir(j)<7r(j) 

The homology classes above have a representant which is concatenation of saddle 
connections for the flat structure X — X{tt, A, r), anyway in general it is not possible 
to find a representant which is a saddle connection itself. 

We define a piecewise constant map [6*] : / — Hi {X, Z) setting [9] (x) = [di] if 
x e /*, then we consider the Birkhoff sum Sn[d] of the function [0] over T, that is 

SnMix) = [0]{x) + .. + [e]{T"-^x). 
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We fix a pair of indexes q,p with 1 < g < and 1 < p < d. If T has no connection 
we can iterate T on infinitely many times and we get a sequence of elements in 
Hi{X,^,Z) defined by 

We can also consider the translation datum 6' as a piecewise constant function 
e : I ^ C, that is we set 0{x) = 6*^ if a; G /*. Then we call SnO the Birkhoff 
sum over T of the function 9. If jq,p,n is a saddle connection for X{tt, A, r) in the 
homology class [7]g,p,n then we obviously have 

(3.1) Hol(7,,p,„) = 4 - - SnO{u'^). 

3.3.2. Reduced triples and saddle connections. Let T : / — > / be an i.e.t. without 
connections and q,phe a pair with 1 < q < d and I < p < d. For any n G N we 
call I{q,p,n) the open subinterval of / whose endpoints are r"(u^) and Up (their 
reciprocal order does not matter). 

Definition 3.5. Let T and (q,p,n) be respectively an i.e.t. and a triple as above. 
We say that {q,p, n) is a reduced triple for T ij for any k € {0, .., n} the pre-image 
T^'^{I{q,p,n)) of I{q,p,n) does not contain in its interior any singularity Up, for 
T or any singularity u'^, for T"^ . 

Proposition 3.6. Let T be an i.e.t. without connectios defined by the data (tt, A) 
(therefore tt is admissible). Let r be any suspension datum for tt and let X — 
X(7r, A,t) be the associated translation surface. For any triple {q,p,n) reduced for 
T there exists a saddle connection ^q^p^n for X{-k,\^t) which belongs to the set 
t) and satisfies \3.1\) . 

Proof: We can suppose without losing in generality that T"u^ < u^. Since (g, p, n) 
is reduced for T, this is equivalent to say that T'^u^ < T'^~"Up for all A: 0, ..,n. 
We call /C^) the open interval {T^u^^j^T^ "wp, so in particular I{q,p,n) ~ /("^ and 
all the /('^^ have the same length. The fact that {q,p, n) is reduced for T means that 
there exists a sequence a(0),..,a(n) of indexes in {l,..,d} such that I^''^ C /'^j.^ 
for fc = 0, .., n. In particular we observe that for any fc G {1, .., n} we have 

We set SqO :— and for k G {1, ..,n} we introduce the simplified notation Skd := 
^q(o) + •■ + Sa(k-i) for the sum above. 

Let us fix a cartesian frame of reference on C choosing as origin the left endpoint 
of the interval / where T acts and as positive real half-line the half-line starting from 
the origin and containing /. In particular points in / are identified with complex 
numbers with zero imaginary part. Moreover for any i G {l,..,d}, if i?* and i?^ 
are the open rectangles introduced in paragraph 12.2.21 we have R* DM. — /* and 

We set V ■= — — Snd, then we define 7 as the half line in the complex 
plane starting at in the direction of v, that is ^{t) := + tv. We observe that 
'3i{v) = \I{q,p,n)\. The path t j{t) projects to a geodesic path t i-t- j{t) in 
Xin, A, r) with 7(0) G S. A priori it is possible that 7 can be extended to M+, but 
we will show that its maximal interval of definition is (0, 1) with 7(1) G S, that is 
7 is a saddle connection. 
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For any i = 1, .., d let us call Hi : ^ X the projection from i?| to X, whose 
image is denoted TZi. For 1 < i < d the rectangles TZi are disjoint each other and 
intersect along their boundary. Let T > be a positive real number such that 7 is 
defined on (0, T). Let 7?.j(o) ) ••, T^i{k) be the ordered sequence of the open rectangles 
defined above that 7(t) meets for t G (0,T). We observe that j{t) starts in R^, 
so z(0) = q and for small t we have 7(t) = 11^(0) (7(t)). We may also assume that 
7(T) belongs to dlZn^k), since otherwise we can extend it till to the boundary. Let 
Q = Iq < .. <tk < tk+\ = T be the sequence of instants such that for all I G {0, .., k} 
we have 

7(i) e TZi(i) for ti <t < ti+i and 7(t;+i) G dTZn^iy 

Lemma. Let us suppose that the sequence = to < ■■ < tk < tk+i = T satisfies 
k <n. Then for all I G {0, .., k} the following conditions hold. 
a{l): For ti <t < ti+i we have 7(4) + Si6 e iJ^^jj and 

j{t) = Ui^i){j{t) + Sie). 

HI): ti+i < 1. 

c(/): 7(ii+i) + Si9 E /'■'-' C R^a(i) ^ ^ '^''^^ there exists some ti+2 > U+i such 
that 7(t) + SiO e for ti+i < t < ti+2. 
In particular we have i{l) = n{a{l — 1)) for all I G {1, .., k — 1}. 

Proof: The three conditions above are satisfied for / = 0. In particular a(0) is 
obvious, moreover 7(1) = — Snd is not in the closure of R^q-^, so ti < 1 and 

b(0) also holds. Then we have 3?(7(ti) - 7(0)) = ti^{v) < and since /(°) is 

a subinterval of -^^(o)' condition 7(fi) G 97?.i(o) implies 7(ti) G dR^^^^^ fl M. In 
particular we have \ j(ti) — m^^q^I < |-^'-°-'| and therefore 7(ti) belongs to 7^^^. Since 
^^"^ ^ ^a(o) = KiMa)) ^ t^^en 7(f) e R^^^^ for ti < t < t2 and c(0) follows. 

Now we consider / G {1, ..,k} and we suppose that a(j),b(j) and c(j) hold for 
all j G {!,■■, I — !}• The rectangle is equivalent to R'^(^a{i-i)) 

translation by 0^(1-1), so condition c(Z — 1) implies condition a{l) and we necessary 
have i{l) = n{a{l - 1)). Moreover 7(1) + SiO = - (SnO - Si9), which does not 
belong to the closure of R^iy thus ti+i < 1 and b(/) follows too. Finally we have 

Condition ti+i < 1 implies that ^{'-f{ti+i )+Si9) G /^'•' C I^^iy where the inclusion of 
into /j''^;^ follows from the fact that {q,p,n) is reduced. Therefore the condition 
liti+i) G dRi{i) implies 7(ti+i) + Si6 G dR\(j^-) nM and in particular 7(ti+i) + Si6 G 
Since I^^,^ = i?*^^,^ n R contains /('^ then c{l + 1) holds. 
The last part of the statement is proved in the inductive proof of a(^). The 
lemma is proved. □ 

The lemma implies that 7(t) passes through the rectangles 7?.i(o), ..,7?.i(„) in X, 

where i(0) = j and i{l) = TT{a{l — 1)) for all I € {1, .., n}. Then we have a sequence 
= to < •• < tn+i < 1 of instants such that for all I G {0, .., we have 

7(t) = n,(i)(7(i) + Si9) and -fiU+i) G dTl.^i). 

Condition c{n) says that ^{tn+i) + Sn9 belongs to dR'^^^^y but j{tn+i) ^ S. Since 
7 is a straight line in the plane with 7(1) + Sn6 = ^* e dRK., then the instant 
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tn+2 in c(7i) equals to 1. It follows that 7(i) can be extended for tn+i < t < 1 as 
the projection from i?^(„) to X of 7(t) + Snd. Then we evidently have 7(1) S S, 
thus 7 is a saddle connection. It is also evident that Hol(7) — v = ^p — S,^ — SnO and 
that 7 belongs to the set V^'^'^-' (tt, A, r) introduced in definition 13.31 The notation 
lq,P,n for the saddle connection 7 is therefore natural. The proposition is proved. 
□ ' ' 

3.4. Proof of the divergent case of theorem 11.11 Let us consider a function 
(fi : [0, +00) — > (0, +00) such that tif{t) is decreasing monotone. According to 
remark 13.0.41 the divergence of the integral of ip is equivalent to the divergence of 
the series of the associated sequence (p{n). 

3.4.1. Approximation of connections for i.e.t.s. Let T be an i.c.t. without connec- 
tions. We look at triples {q,p,n) with l<q<d, l<p<d and n e N such 
that 

(3.2) |T"(«^)-^*| <^(n). 

Equation p.2|) defines a diophantine condition for i.e.t.s inspired by the classical 
Khinchin condition for real numbers. Such condition has been studied in |Mar2j . 
where we prove the following result. 

Theorem 3.7. Let ip : [0, +00) — > (0, +cx)) he a function as above. For any admis- 
sible combinatorial datum t: £ Sd we have the following dichotomy: 

a: // X^n^ vi''^') < +00 then equation i3. S\) has just finitely many solutions 

for almost any i.e.t. T in Ajr. 
b: IfJ2n=i V'("-) = +00 then for any pair {q,p) with 1 < q < d and 1 < p < d 

and for almost any i.e.t. T in A^r there exists infinitely many triples {q,p, n) 

reduced for T which are solution of equation iS.2\) . 

3.4.2. Approximation of vertical saddle connections. Let T be an i.e.t. with d in- 
tervals and without connections defined by the data (tt, A). Let r be a suspension 
datum for tt and X = X{tt, A, r) be the associated translation structure. Recall 
the real vector h e R'^ defined by hi — 3(f| — 'Cjj(i))- We consider /i as a piecewise 
constant function h : I ^ R+ defined by h{x) — hi ii x £ If and we denote Snh its 
Birkhoff sum. 

For a pair of integers {q,p) with 1 < q < d and 1 < p < d we consider a reduced 
triple {q,p,n) for T and the associated saddle connection 7g.p.„ for the surface 
X = X{tt, a, t) given by proposition |321 Since Hol(7g^p^„) = ~ ~ Snd{Ug) then 

(3.3) 3?(Hol(7g,p,„)) = T"ul - 

and we observe that |T"u^ — u* | < A, = Ylk=i for all G N. On the other hand 
3(Hol(7,,p,n)) = S,M4) + - ^^'g 

and Snh{ug) > nhmin where hmin '■= ^i'o.k=i..dhk > 0. Therefore for any e > 
and any n e N big enough we have 



(3.4) 



(1 - e)|79,p,n| < SrMu\) < \lq,p,n\- 
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Lemma 3.8. Consider a function (p as above with ip{t)dt = +00. Let T be an 
i.e.t. without connections and uniquely ergodic, defined by the data (vr, A). Let {q,p) 
be a pair in {2,..,d}^ and suppose that there exist infinitely many triples {q,p,n) 
reduced for T which are solutions of equation LS.2\) with respect to ip. Then for 
any suspension datum r in and any e > there are infinitely many saddle 
connections 7 for the translation surface X = X{t:,X,t) which belong to the set 
V(«'PH7r,A,r) and satisfy 

Proof: According to the hypothesis we have infinitely many reduced triples 
{q,p,n) for T such that \T'^Ug — Up\ < p{n). Proposition 13.61 gives therefore in- 
finitely many saddle connections 7g,p,n G V'-''^^ (tt, A, t) for the translation surface 
X(7r, A,t). Since T is uniquely ergodic, for n — > 00 the BirkofF average ^Snh{u'^) 
converges to Jj h = Area(X), thus for any e > and any E N big enough we have 

(1 - e)nArea(X) < S'„/i(m^) < (1 + e)nArea(X). 

Recalling that tip{t) is monotone decreasing, and therefore ip{t) too, and using 
equations (|3.3|) and (|3.4p we get the assertion. The proposition is proved. □ 



Proposition 3.9. Let ip be a function as above with (p{t)dt = +00. Let n be 
any admissible combinatorial datum in Sd and let (Aq, tq) be any pair of length and 
suspension data in x 0^. Then there exists a neighborhood U C A^r x 0^ of 
(Ao, To) such that for any 1 < q < d and 1 < p < d and for almost any (A, t) £ U 
the set V^'^'P-' (tt. A, r) contains infinitely mant saddle connections 7 for the surface 
X(7r, A,t) such that 

|3?(Hol(7))| < ¥.(|Hol(7)|). 

Proof: Let us fix any e > and let us call :— Area(X(7r, Aq, tq)). Then we 
consider the function 

Mi) ^ (l^^^o^ 

Our hypothesis on p is obviously equivalent to Jp°° po{t)dt = +00. Then we consider 
a neighborhood A C Att of Ao and a neighborhood 6 C 07r such that for A e A 
and r €E we have 

Ao/2 < Area(X(7r, A,t)) < 2Ao. 
The product [/ := A x 8 is obviously a neighborhood of (Ao,to) contained in 
A^ X 0^ and is the neighborhood were we will prove the proposition. Since tp>(t) 
is decreasing monotone and therefore (p{t) also is, for (A, t) G U and for X = 
X^TT, A, r) we have 

^°(tT^a^)<^(')- 

Theorem 13.71 says that there exists a subset A' C A of full measure such that for 
almost any A G A' and for all 1 < q < d and 1 < p < d there are infinitely many 
triples {q,p,n) which are reduced for the i.e.t. T defined by the data (tt. A) and 
satisfy 

\T^ul-ul\<Mn). 
Moreover, according to the celebrated result of Masur and Veech ( |Mal] and |Ve)). 
almost any T is uniquely ergodic, therefore we can assume that for all A € A' the 
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i.e.t. T — (tt, A) is also uniquely ergodic. Lemma 13.81 therefore applies and we have 
that for all A e A' and all r in 9 the set V^'^^^ (tt, A, r) contains infinitely many 
saddle connections 7 for the translation surface X — X(Tr, A, t) such that 

W7)l)<.o(i^|^)<^(|Hol(,)|). 

We conclude observing that according to the Fubini argument A' x Q has full 
measure in U. The proposition is proved. □ 

3.4.3. End of the proof. Let Xq — (Xq, Si, .., Sr) be a translation surface with 
frame in H{ki, .., kr) such that Xg has no vertical connection. As we explained in 
paragraph 12.2.21 in the background, this condition is satisfied by almost any Xo E 
H^ki, .., kr) and therefore for almost any Xq. Since Xq has no vertical connections, 
there exist an admissible combinatorial datum tt in S'd, where d — 1 = fci + .. + fc^, 
and a pair (Ao, tq) in Att x Qj^ such that Xa ~ X{Tr, Ao, tq). 

We consider the map I^r '■ A^r x 0^ — > .., kr) introduced in paragraph l2.2.3l 

in the background. Since 'H(fci, .., kr) is a covering space of 'H{ki, .., fcr), then there 
exist an unique continuous map 

: A^ X 8^ -> n{ki,..,kr) 

which lifts and such that Xt^{Xq,tq) = Xq. We consider the open neighborhood 
U of (Ao,To) given by proposition 13.91 Let us consider any (A,t) e U such that for 
any 1 < q < d and 1 < p < d, the set V^''^^ (tt. A, r) contains infinitely many saddle 
connections 7 whose holonomy v = Hol(7) satisfies equation ()1.2|) . According to 
lemma for the corresponding X — 2t^{X,t), for any pair of singular points pi 
and pj in E and any 1 < I < ki and 1 <m < kj, the set Holfc^P-">')(X) contains 
infinitely many solutions of equation (|1.2I) . Corollarv 12.41 at the level of the lift, 
says that 51 :— Iti{U) is an open neighborhood of Xq. According to proposition l3.9[ 
the set of good (A, t) € U has full measure, therefore the set of the corresponding 
good X in n has full measure too. In other words, for a generic Xq, there exists a 
neighborhood ft C .., kr) where the statement of the diverging case of theorem 

ll.ll holds. therefore the statement holds almost everywhere on .., kr) and the 

divergent case of theorem 1 1.11 is proved. 

4. Asymptotic laws 

In this chapter we develop the dynamical consequences of theorem II. ![ the dy- 
namics we refer to being of course the Teichmiiller flow 

e* 

e-' 



We flrst recall from paragraph 12 . 1 .41 in the background that the group of homo- 
theties acts on H{ki, ..,kr) as a subgroup of GL(2,M) hy X >—>■ XX for A e K+. 
The volume element on 'H{ki, .., kr) therefore decomposes as dfi ~ X^dX A dijS^\ 
where n = + 2i — 3 and d/i*^^^ is the volume element on the smooth hyperboloid 
H'^^\ki,..,kr) of area one translation surfaces with frame. 

Equation ()1.2|) . that is |3fi(Hol(7))| < (/3(|IIol(7)|), where 7 is a saddle connection 
for a translation surface X, is not covariant under homotheties, indeed changing X 
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with XX it takes the form 

V.(|AHol(7)|) 



|5R(Hol(7))| < 



A 

+00 



Anyway, for any A G R-|_, the integral A ^ip{Xt)dt diverges if and only if 



Jf^°° ip{t)dt diverges. Since the divergence or the convergence of the integral is 
the only discriminant condition in theorem 11.11 and as we have seen homoteties 
does not affect the condition, then theorem 11.11 also holds on the smooth hyper- 
boloid 'w-^\ki, .., kr) with respect to the measure Since the Teichmiiller flow 
preserves the area of translation surfaces, it is more meaningful to study it on 

4.1. Preliminary estimations. In this paragraph we prove some useful estima- 
tions about saddle connections which do not involve any information about the 
bundle they belong to, therefore in all the paragraph we will work with simple 
translation surfaces without any choice of a frame. Let us consider any X in 
'H{ki, .., kr) and a saddle connection 7 for X. As we have seen, 7 is a saddle con- 
nection for J^tAT for any t G R. For f G M let us denote Hol(7, t) the holonomy of 7 
with respect to the flat structure J^tA. Then we set 

5R(7,i) :=5R(Hol(7,t)) ; 5(7, := 5(Hol(7, t)) ; |7|t := |Hol(7, 

For simplicity we write I7I for I7I0. We also define 

5R(7,t) 



Area(7,i) |5R(7,i)| • |3(7,t)| and cot(7,i) 



Since 3?(7,i) = e*3?(7, 0) and 9(7, = e~*3?(7,0), then Area(7,t) is constant in t, 
on the other hand we have cot(7,i) = e^*cot(7,0). It is also easy to see that we 
have the relation 

Lemma 4.1. Let X be any translation surface and 7 any saddle connection for A. 
If for some instant t > we have \^\t < 1 then t > log |7|. 

Proof: Since Area(7,i) is constant and cot(7,i) — e^*cot(7, 0), then equation 
(|4.1|) implies that for any t we have 

1 p2t 

, \, = l7l^ 



l + cot2(7,0) l + cot2(7,i)' 

We observe that |cot(7,i)| > |cot(7,0)|, since t > 0. Then |7|t < 1 implies that 
e^* > I--)/ 1 2 and the lemma follows. □ 

Let us fix any A G Hiki, .., kr) and any saddle connection 7 for A. Let us denote 
T := r(A, 7) G M the instant defined by 

I7I, :=min{|7|t;tGM}. 

Since the geometry of a translation surface is locally euclidian, the length \j\t is 
minimal when 5R(7,i) = 3(7, t), that is cot(7,t) = 1 and we have 

(4.2) T(A,7) = -ilog(cot(7,0)). 
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Since by definition |cot(7, t)| = 1, recalling that Area(7,t) is constant, equation 
(|4TT|) implies 

(4.3) |7|^ = 2Area(7,0) and |7|^ > 2Area(7, 0) for t^r. 

Lemma 4.2. Let e he any positive real number. For almost any X in 'H{ki, .., kr) 
and for all but finitely many saddle connection 7 for X , the instant t{X, 7) satisfies: 

r(X,7)< (l + e)log|7|. 

Proof: Since the function t !-> i^ti+^i^) has convergent tail, the convergent case 
of theorem 1 1 . II implies that for almost any X £ ^{{ki, ..,kr) and for all but finitely 
many saddle connections 7 for X we have |5R(Hol(7))| > |7|~^^''"^'^\ which implies 

cotfT 0) > > hr^'^+'' 

|5(7,0)||7P+2^ 

Then equation (j4.2l) implies that for such X and for such 7 the condition in the 
statement holds. The lemma is proved. □ 

4.2. Proof of theorem 11.31 In this section we prove theorem [T751 Before entering 
into details we state the following useful lemma, whose proof is a trivial exercise in 
calculus. 

Lemma 4.3. Let tp : [1, +00) — > (0, +00) be a function such that tip{t) is decreasing 
monotone. The function (p : [0, +00) — > (0, +00) defined by ip{s) :— e'^ip{e'^) is 
decreasing monotone. 

On the other hand, for any decreasing monotone function ^ : [0, +00) — >■ (0, +00) 
there exists an unique function ip : [1, +00) — (0, +c») such that tip{t) is decreasing 
monotone and such that — (p. The function ip is given by ip{t) = ^ (log t)/t and 
we have 

poo POO 

tp{t)dt = / ip{s)ds. 

4.2.1. Convergent case. Here we consider the case il:{t)dt < +00. Our aim is to 
prove that for generic X we have 

,. SjsjTtX) 

hm , = cxD. 

Our strategy is first to prove that for generic X we have 

(4.4) liminf^Z!i^>l. 



Then, once (14. 4p is proved, we observe that for any positive constant C > 1 the 
function C'^ip still has finite integral, thus we can change ip with C'^ip and (|4.4p still 
holds for C'^ip, which is equivalent to say that lim inft^oo Sjs{TtX) / \/ip{t) > C. 
We get that limt^oo ^Y^i^tX) / ^ tpit) exists and is equal to +00. 

We pass to the proof of equation (14.41) . Let us suppose that there exists a positive 
measure subset S of ■^'^-'(fci, .., kr) such that for any X e 5 we have 

liminf^Ip^<l. 

Let us fix any X £ S. There exists a sequence of instants ti < ... < tn < ... with 
tn +00 and such that Sys{Tt„X) < y^ip{tn). Let 7„ be a sequence of saddle 
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connections for X such that for every ri e N we have Sys(J't^X) — |7n|t„- For any 
such 7„ we obviously have |7n|t^ < ip{tn)- Since V' has convergent tail, in particular 
is goes to zero at infinity and it follows that |7„|t„ — as n — cx). We observe 
that |7n|t as t — > +00 for any fixed n. Since t„ — +cx), then any j„ occurs in the 
sequence (7,1) finitely many times. Moreover on any translation surface X there are 
just finitely many saddle connections with length smaller than some fixed bound, 
thus it follows that |7„|o — c« as n — 00 (i.e. the length at i = 0). We also observe 
that this implies that cot(7„,0) -> as 71 cx). Indeed if we could find a positive 
constant c (depending on X) and a subsequence (n(fc))fcgN with | cot(7„(fc) , 0)| > c, 
then equation (|4.ip would imply Area(7„(fc), t„(fc)) — >■ +00 as A; — >■ 00, but equation 
(|4.3|) implies that this is in contradiction with our assumption on 7„ . 

Let us fix any e > 0. Since cot(7„, 0) — > then for any n big enough we have 

ic-/ oM ^ n , NArea(7„) 

|S(7n,0)| > (1 + e)— ^ — . 

l7«lo 

and since by equation (|4.3I) we have Area(7„,0) < (l/2)|7„|j^^ then it follows that 

|3fi(Hol(7„))| = |3?(7„,0)| < — — - — - < — — - — -. 

2 |7«|o 2 |7„|o 

Finally, recalling lemma BTTl we have tn > log(|7n|o) and it follows that 

l + eV(log(|7«|o)) 



|3?(Hol(7„))| < 



2 |7n|o 



-00. 



We set ip{t) := tp{\ogt)/t and according to lemma l473l we have °° ip{t)dt < 
On the other hand, for a set S of positive measure in 'H{ki, .., fc^) and for all X in 
S we can find infinitely many saddle connection 7„ for X such that |5R(Hol(7„))| < 
(/3(|Hol(7„)|), which is absurd, since is in contradiction with the convergent part of 
theorem 11.11 Equation (|4.4p is proved an therefore the convergent part of theorem 
fOltoo. 

4.2.2. Divergent case. Now we consider the case 'ip{t)dt — +00. We recall that 
for X e il'-^^ki, .., kr) the bundles C(p^'P"™'')(X) are invariant for the Teichmiiller 
flow J-f (lemma 13. 2|) . Let us fix any pair of points pj ,pi € Y, and any pair of 
indexes m,l with m e {1, .., fcj} and I £ {1, .., fci}. We prove that for almost any 
X e 'H^'^\ki,..,kr) we have 

. Sys(P-P"".')(J-tX) ^ 
limmt , = 0. 

Similarly to the convergent case, our strategy is to prove that for generic X we have 
4.5 liminf , ^ * ' < 1. 



Once (|4.5p is proved, we observe that for any positive constant e > the function 
e^ip still has divergent integral. Therefore we can change ip with e^ip and (|4.5p still 
holds for e^ip, which is equivalent to 

hmmf — ^ — - < e. 



Since the argument works for all e we get liminft^tx) Sys^^J -P' (J^jX) y^tp{t) = 0. 
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We pass to the proof of ()4.5p . Let us fix any e > and let us consider the 
function 

^^^^ _ V>((l + e) log(g)) 
s 

Lemma 14.31 fmodulo a trivial change of variable) implies J^°° ip{t)dt = +oo, there- 
fore the divergent part of theorem II . II applies . For almost any X e Ti^^^ki, .., kr) 
the bundle C'^Pi^Pi'™-^^){^X) contains infinitely many saddle connections 7„ such that 
|3?(Hol(7„))| < (p(|Hol(7„)|). It follows that we have 

Area(7„) < |5(7„, 0)|(^(|7„|) < |7n|<^(l7n|), 

where |7n| = |Hol(7„)| is the initial length |7n|o- For any such 7„ let us consider the 
instant T(n) such that |7ri|T(n) = niin{|7„|t;t G R}. According to equation (|4.3p . 
the length |7|T(ri) of the saddle connection 7„ with respect to satisfies 

|7„|?(„) < (1/2)|7„|^(|7„|). 

Since we are considering a generic X we may assume that the underlying translation 
surface X belongs to the full measure subset of those elements for which lemma 
14.21 applies. For the length of 7^ at t = we have |7n| > exp ^-j^^ and since the 
function tLp{t) is decreasing monotone we get 

l7„I^H<iexp(l(^)^(exp(fi^))^^(.H). 

Since the bundles of saddle connections are preserved by the action of J-t on 
fL^^^ki, ..,kr) then for any T(n) the saddle connection 7„ belongs to the bundle 
C(P^'P-"''H-7^r(n)^), therefore 

Sysfe,P.™,0(j-^(„^X) < |7„|,„ < 

Finally we observe that |5R(7„,0)| — > and |7n|o — > 00 as n — >■ 00, therefore 
cot(7„,0) — > and equation (|4.2I) implies that t„ — > 00. Equation (14. 5p therefore 
follows and the divergent part of theorem 11.31 is proved. 

5. Punctured tori 

This section is devoted to the proof of theorem 11.61 Let us consider a function 
(f : [0, +00) (0,00) such that t(p{t) is decreasing monotone and ^p(t)dt = 
+00. Let X be any flat torus with r punctures pi, ..,Pr- We want to prove that 
for almost any 9 € [0,27r) there exist at least a pair of points {pj,pi) such that 
KoP^'P'^Xe) contains infinitely many solutions of equation (|1.2I) . 

5.1. Veech's construction for punctured flat tori. 

5.1.1. First return to an horizontal section. Let X be a flat torus with r punctures 
and let S = {pi,..,pr} be the set of the punctures. We suppose that X does 
not have vertical saddle connections. Let / be an horizontal segment in X whose 
endpoints lie on two trajectories of the vertical field dy, respectively ending and 
starting at the same point S E. It is a well known fact that the first return T of 
the vertical flow to I is an irrational rotation. Let us consider the length coordinate 
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X on /, which give an identification of / with the interval (0, |/|) C M. There exists 
some 5 G (0, |/|) such that T acts by 

T{x) =x + d if 0<a;<|/|-^ 

T{x) =x- (|/| -S) if \I\-6<x< 

In particular T is an i.e.t. and (0, |/| — S) and (|/| — S, \I\) arc the two maximal 
intervals where T acts as a translation. Anyway, since we want to keep track of all 
points in E, we consider a partition of I into d = r + 1 intervals any J* 

being delimited by two cndpoints whose positive trajectory under the vertical flow 
ends in some point of S. Therefore T is described by a pair of data (tt, A), where 
Aj = |/*| for i G {1, .., d} and tt e /S^ is a rotational combinatorial datum, that is it 
satisfies 

7r(i) — i = const mod d. 

With this notation T has a real discontinuity at the point on / whose coordinate is 
"7r-i(i)' an*^ is continuous at all u\ with i ^ 7r~^(l). Similarly is continuous at 
all points with j ^ 7r^(l) and has a real discontinuity just at We define the 

normalized length datum \ := where A» = X^iLi and we consider the i.e.t. 
T defined by the data (tt, A). According to the discussion above, T is a rotation 
and it has two maximal intervals where it acts as a translation, anyway we look at 
all points u* and with 1 < q<d and 1 <p <d. In terms of the data (tt. A) they 
are given by 

3<P 7r(j)<7r(q') 

In particular the rotation number of T is a = a(A) := and T acts by 

f{x) ^x + a if 0<x<l-Q! 

T{x) = X — {1 — a) if 1 — q; < a; < 1. 

We can reconstruct the original torus X from T with the Veech construction, that 
is there exists some r € A^r such that X = X(7r, A, t). In general, any translation 
surface obtained with the Veech construction from a rotational combinatorial datum 
TT e 5d is a flat torus with d — 1 marked points. 

5.1.2. Section for the rotated vertical flow. Let tt G Sr+i be a rotational combina- 
torial datum and for (A,t) € A^r x 9^ let X = X{Tr,X,r) be the associated flat 
torus with r marked points. For in M we define the vectors in M."^ 

X{9) := cos ^^A — sin 6t and t{9) :— sin 9X + cos 9t. 

There exists an open interval J = J(7r, A, r) C M containing and depending on 
TT, A,T such that X{9) e A^r and t{9) G 9^ for 9 £ J. For 9 in the same interval 
the rotated torus Xg can be therefore represented with the Veech construction as 
Xe = X{'k,X{9),t{9)). Fot 9 € R we define A*(6') = X^ti ^i(^) and A(6») := £gj 
and we consider the i.e.t. Tg whose data are (tt, A(6')). It is easy to check that 
the map 9 i-^ A(^) is the parametrization of a segment in the standard simplex 
A(^) := {A e K^; A* = 1}, that is we can write 

X{9) = X + s{9)v, 
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where s : J — > M is a smooth change of variable and is a vector in M.'^. Their 
exphcit expression is 

tan 6* 

= 1 7 — a " ~ ^' 

A* — T* tan A* 

where r, = SiLi''"i- It follows that for e J{-k,\^t) and for 1 < q < d and 
1 < p < d the marked points Up{9) and Wg(6') in (0, 1) are given by 

uliO) = uliQ) + s(^) ^ «fc and = u\(Q) + ^ i;^. 

k<p 7r(fc)<7r(g) 

According to the discussion above the only real singularities for Tg and Tg^ are re- 
spectively and ?2^|.j^^(6'). In particular, observing that A, X]Tr(j)<7r(i) ''^j = 
Area(X), the rotation number a{9) of Tg is given by 

Let us fix any triple of data (tt, A,t). We resume the discussion of these two 
paragraphs in the following lemma 

Lemma 5.1. The map 9 i-->- a{9), which assigns to any 9 G J(7r, A, r) the rotation 
number a{9) of Tg, is a smooth change of variable. Moreover, for any 1 < i < d 
there exists two pairs of real numbers and {A^,B^), depending only from 

(tt, a, t), such that 

u\{9) =A\+ a{9)Bl and u\{9) ^ A\ + a{9)B\. 

5.2. Proof of theorem 11.61 Let us fix a rotational tt £ Sd and a pair of length 
and suspension data A € A^r and r G O^^. Let J = J{tt, A,t) be the interval such 
that {\g,Tg) e X for all 9 G J. For any such 9 let Tg be the i.e.t. whose 
data are (tt, Xg) and for a pair {q,p) with 1 < q < d and 1 < p < d let and 
Up{9) be the corresponding singularities. We look at triples {q,p,n) satisfying 

(5.1) |r,"«^(0)-u;(0)| <^(n). 

We call Vg the subset of {2,..,d}^ of those pairs {q,p) as above such that there 
exist infinitely many triples {q,p, n) which are reduced for Tg and satisfy (jS.ip . 

Lemma 5.2. For almost any 9 £ J and for any pair {q,p) with 1 < q < d and 
1 < p < d there exist infinitely many triples {q,p,n) which satisfy equation id. 
anyway these triples are not necessarily reduced for Tg . 

Proof: Let us fix any pair {q,p) with 1 < q < d and 1 < p < d. Since Tg is a 
rotation on (0, 1) with rotation number a{9), for any x g (0, 1) and any e N we 
have Tg{x) ~ {x + na{9)}, where {•} denotes the fractionary part. Then we have 

\n^uli9) - uli9)\ = Ki9)\nuli9) - uli9)\ = X.mHi^^) + na{9)} - 

Since ip{n) — >■ as rt — > oo, for any g J, in order to have infinite solutions n G N 
of equation (j5.1[) , it is enough to find infinitely many solutions of 

{ul{9)-ul{9)+na{9)}<^^. 

Let us consider the decomposition J = UfeeZ'^fe' where 2*^ < A* (6') < 2*"'+^ for 
9 £ Jk- Let us fix fc G Z and let us consider the function ipk := 2^('^+^)(^. Using the 
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formula in lemma ISTTl for u^q{9) and Up(^) it is evident that it is sufRcient to have, 
for any € Jk, infinitely many solutions of 

{{B^ -Bl + n)a{9) - {A^ - A^} < ^n)- 

Since (pk{t)dt = oo, theorem 15.51 in paragraph 15.31 implies that there exist in- 
finitely many n G N satisfying the inequality above for almost any a, moreover 
according to lemma 15. 1[ the change of variable a — q:{0) is smooth and in par- 
ticular it preserves sets of measure zero. It follows that we have infinitely many 
solutions for almost any 9 G Jk too. Since the result holds for any k and the union 
is countable, the required condition holds for almost any €E J. The lemma is 
proved. □ 

We need the following lemma, which holds in general for any i.e.t. and not just 
for rotational ones. 

Lemma 5.3. For any i.e.t. T without connections there exists e > such that the 
following is true. If the triple {q,p,N) is not reduced for T and satisfies 

then there exist q' and p' with 1 < q' < d and 1 < p' < d and positive integers n 
and m with n,m < N such that the triples {q,p',n) and {q',p,m) are reduced for 
T and satisfy 

|T%^ -ul,\< |T^«^ - ul\ and jT^^ - < |T^u^ - «*|. 

Proof: We call u{l) < .. < u{2d — 2) the elements in the set {w*; 1 < i < d} U 
{m^; 1 < j < d}, displayed in increasing order. Then we put 2e :— mini=2,..,2ti-2 \u{i)— 
u(i — 1)1, which is positive since T has not connections. In particular our choice 
implies that all the intervals /* and /j" have length at least 2e. Let {q,p,N) be a 
triple as in the statement and let I{q,p,N) be the interval whose endpoints are 
{u^) and Up. Since {q,p,N) is not reduced for T there exists some k S {0, ..,n} 
and / € {2,..,d} such that T~^{I{q,p, N)) contains in its interior either u* or u'^, 
moreover it follows by our choice of e that in fact fc > 1 . We consider the smallest k 
such that the last condition holds. By minimality we have that T"' is a translation 
on Iiq,p,N) for any i = 0, that is |T^-''u^ - T-''ul,\ = |r^u^ - u*| < e. 
Without any loss in generality we suppose that we have uj G T^''{I{q,p,n)). We 
can also suppose that we have 

T^-^u\ <u\< T-^ul. 

We first look at the inequality on the right. By our choice of e, no other singularity 
of T or T^^ is contained in the interval {u\,T~^u^p) and by minimality of k this 
also holds for the iterates T'{u\,T~''Up) for i — 0, .., k. The interval (u\,T~^u*j,) is 
mapped by T onto {u\, T"^*^"^)?!* ). Then we apply T again k~l times and we get 
that the triple fc — 1) is reduced and satisfies|T'^~^M[' — u* | < |T^m^ — Up\. 

Now we look at the inequality on the left in the condition above. It implies that 
the triple {q, l,N -k) satisfies \T^-''u\ - u\\ < \T^u\ - If (g, l,N-k) is not 
reduced for T, we call j{q,p,N) the number of singularities, both for T and T~^, 
which are contained in the orbit 

iV), T-\l{q,p, N)), .., T-(^-^-)(/(q,p, N)). 
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We observe that j{q,l,N — k) < j{q,p,N), therefore we can start a descending 
induction procedure until we get a reduced triple. The lemma is proved. □ 

Corollary 5.4. For almost any 9 (z J the set Ve contains at least 2r — 1 elements. 

Proof: Let us fix any 9 in the full measure subset of J given by lemma 15.21 
Let {q,p) be any pair in {2, ..d}^ and according to lemma [5?2] consider a family of 
infinitely many triples {q,p,Nk) satisfying (|5.1|) . According to lemma [5731 either 
there exists a subsequence Ni of Nk such that the corresponding triples {q,p, Ni) are 
reduced for Tg, that is {q,p) G Ve,or there are two indexes q' ,p' with 1 < q' < d and 
1 < p' < d with {q,p') E Vq and {q' ,p) € Vq. We display the elements of {2, .., d} in 
a r X r matrix. The argument above implies that any row and any column contain 
at least an clement of Vg, that is the latter has at least 2r — 1 elements. □ 

5.2.1. End of the proof. Let Xq be any flat torus with r marked points and let X 
be an element in SO(2,R)Xo without saddle connections. 

According to the discussion in paragraph 1 5. 1.1 1 let us chose a rotational tt E Sd 
and length-suspension data (A,t) £ Ajr x 9^ in order to have X = X{Tr,X,T). 
Then consider the open interval J = J(7r, A, r) and for 9 in the full measure subset 
of J(7r, A, r) given by corollary 1 5 . 41 consider the rotated torus Xg = X{7r, Xe,Tg) and 
the associated i.e.t. Tg whose combinatorial and length data are (tt, Ag). Observe 
that we obviously have Area(Are) — Area,{X). Let us fix any e > and consider 
the function 

^4t) := ip (^i-i-^Arca(X)t^ . 

Since (pe differs form ip just for a linear change of variable, then it satisfies the same 
properties, that is tpeif) is decreasing monotone and /g pe{t)dt = oo. 

For any pair {q,p) in Vg there are infinitely many n S N such that the cor- 
responding triples {q,p,n) are reduced for Tg and satisfy equation (|5.ip . Lemma 
13.81 in paragraph 13 .4 . 2 1 implies that the set V^'^'^^tt , Xg , Tg) contains infinitely many 
saddle connections 7 for Xg such that 

W,))|<,.(l^«^)^,(|Hol(,)|). 

According to corollarv 15.41 the set Vg contains at least 2r — 1 pairs {q,p). Lemma 
13.41 in paragraph 13 . 2 .31 implies that to any such {q,p) it corresponds an unique pair 
{pj,p^) e S2 such that the set V'^'^'P^tt, Xg,Tg) coincides with C'^P^'P'^Xg). The set 
}iol(Pi'P'')(^Xg) therefore contains infinitely many solutions of equation (|1.2p and we 
have at least 2r - 1 different sets like }ioP"P'\Xg). 

We argue that the set of X without saddle connections has full measure in 
SO(2,R)Xo. Since for any such X exists an interval Jx CM. containing zero such 
that Xg satisfies the condition in theorem 11.61 for almost any 9 G Jx, then the 
condition holds almost everywhere on SO(2,R)A'o. Theorem ll.6l is proved. 

5.3. Appendix: an arithmetic result. We consider a function p : [0, +00) — > 
(0, 00) such that tip{t) is decreasing monotone and any pair (x, y) of real numbers. 
For any a G (0, 1) we look for solutions n g N of the following equation 

(5.2) {{n + x)a-y} < p){n). 

Theorem 5.5. Let (p be a function as above. 
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• V X^J^i vi'^T') < +00, then for almost every a G M+ there exist finitely 
many solutions n G N 0/ equation 115. 2\} . 

• V^^=i = 00 then for almost any a equation \5.'2\) has infinitely many 
solutions n € N. 

The convergent part of the theorem it is a straightforward apphcation of the 
easy half of the Borel-Cantelli lemma, anyway we give here a short proof. We fix 
any pair of positive integers m and n and we introduce the function fn,m from 
[m, m + 1) to [0, 1), defined by /n,m(ck) ■— {in + x)a — y}, which is piecewise hnear 
and has the same slope on all its branches. The branches of fn,m are defined on 
sub-intervals of [m,m + 1), if we exclude the leftmost and the rightmost of these 
intervals all the others have the same length (equal to {n + and restricted 

to them fn.yn is surjective onto [0, 1). It follows than for any e > and any n big 
enough, for any subinterval / of [0, 1) we have Leb(/~^(/)) < (1 + e)Leb(/). In 
particular for any m in N and for any n big enough we have 

Leb(/-^(0,^(n)))<(l + e)^(n). 

Since ip has convergent series it follows that X^j^i Leb(/,7^^(0, < +00 and 

accordingly to the Borel-Cantelli lemma, equation (j5.2p has just finitely many so- 
lutions for almost any a in [m,m -I- 1). The same argument works on any other 
interval [m,m -\- 1) and the proof of the convergent part is complete. The proof 
of the divergent part of theorem 15.51 is more complicated and its proof takes the 
remaining of this section. 

5.3.1. Notation. For any positive real number a we introduce the symbol a to 
denote the vector (1, a) G M^, that is the vector with unitary horizontal component 
and slope equal to a. For any pair v,w G M.'^ of linear independent vectors in 
the first quadrant we denote [v,w] the matrix in GL(2,M) whose first and second 
columns are respectively v and w. We define a total ordering on PR^ writing for 
any such a pair v, w 

V ^ w a det[w, w] > and u ^ w if det[u, w] > 0. 

5.3.2. Classical continued fraction. In this paragraph we recall some classical facts 
about the continued fraction algorithm, which gives good rational approximations 
p/q of a real number a. We will follow a geometrical interpretation. We are inter- 
ested to real numbers admitting an infinite sequence of approximations, therefore 
we just consider irrational a. In this case, for any pair p, q of positive integers, 
denoting r — {q,p) G N^, we have 

det[r, 3] 7^ 0. 

Let us set r_2 := (1,0) G and r_i := (0, 1) G N^. For any a G M+ we define 
a vector ro = ro{a) G by 

rQ{a) ao(a)r_i + r_2 

where ao{a) G N is such that aor_i + r_2 ^ (l^ct) ^ (^o + l)»'-i + ^-2- Let us 
write the vector ro(a) as ro(Q:) — {qQ{a),po{a)), with qo{a),po{a) G N. Letting 
a vary we introduce the family of integer vectors Qq := {ro(a); a G R+ \ Q} and 
the partition Qq := {/(ro);ro G Qq} whose elements are the intervals /(ro) with 
constant value for the function a M- ro{a). 
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Now let US suppose that for any a E M+ \ Q and for alH < n we have defined all 
the vectors ri{a) = {qi{a),pi{a)), with qi{a),pi(a) e N, the associated families of 
integer vectors Qi := {ri{a); a € IR+ \ Q} and the partitions Qi := {/(r.;); e Qi} 
whose elements are the intervals /(r^) C K+ with specified value for the function 
a I— ri{a). Then we define by induction 

rn{a) := a„(a)r„_i(a) + r„_2(a) 

where an{a) is the positive integer defined according to the following condition 

a„r„_i + r„_2 {an + i)r„_i + r„_2 if n is even 

(a„ + l)r„_i + r„_2 -< S -< a„r„_i + r„_2 if JT- is odd . 

We write r„(a) = {qn{a) , Pn{a)) with (7„(Q!),p„(a) S N and letting a vary we 
define the family of integer vectors Q„ :— {rn{a);ct gM.+ \Q} and the sigma- 
algebra Q„, whose atoms are the intervals /(r„) C with specified value for the 
function a i— r„(Q;). For any fixed a £ \ Q the vectors r„(a) are a sequence 
of approximations of a in PM'^. The corresponding sequence Pn/qn of rational 
numbers is the sequence of approximations of a with respect to the continued 
fraction algorithm. We recall some well known properties for these approximations 
that we use in the following, proofs can be found in [K . 

(1) For any a and any n we have r2„ ^ a ^ f2ri+i- The even approximations 
'f2n give a monotone increasing sequence and the odd ones a monotone 
decreasing sequence. Moreover, if n is even and if r„ is any element of 
Q„, there exist a decreasing sequence {rn+i{a))aeN of elements of Qn+i 
and an increasing sequence (r„+2(a))aeN of elements of Qn+2 such that 
respectively r„+i(a) — ^ r„ and r„+2(a) — >■ rn in PM^ as a -> oo. The 
analogous property holds for n odd. 

(2) For any n S N let us introduce the vector r'^ = r'^{ct) ■— r„(a)+r„_i(Q;) and 
let us write it as = with q'n,Pn G N. We have| det[r„, r^] | = 1, 
that is {r„, r^} is a basis of Z^. 

(3) For any n and any r„ we have |/(7'„)| = {qnq'n)~^ and qn+2 > '^Qn- We also 
have the uniform estimation < l/Cj'n)! < 3|/(r^)| for two consecutive 
atoms /(r„) and /(r^J of Q„. 

(4) There exists a constant 7 > 1 such that for almost any a and any n big 
enough the denominators — qn{ce) of the approximations of a satisfy 
qn < e^". 

The family of sigma-algebras {QnjneN satisfies Q„ C Qn+i for any n G N, 
that is it defines a monotone increasing filtration, moreover sup„ Q„ is the Borel 
sigma-algebra. It follows that any interval J contained in with its endpoints 
included or not, admits a decomposition J = U^o*^"' "^fi^re Jq is the maximal 
subset of J measurable with respect to Qq and J„ is defined iteratively for n > 1 
as the maximal subset of J \ |J"^q^ Ji which is measurable with respect to Q„. To 
any interval J we associate an integer index i{J) defined as the minimum of those 
rt S N such that J„ 0. For any n > i{J) we introduce the sets Gn — Ur=i(j) '^^ 
and Gn ~ J\Gn- Applying the properties (1) and (3) of the continued fraction 
algorithm listed above it is easy to get the following lemma, whose proof is left to 
the reader. 
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Lemma 5.6. There exist a positive X with < A < 1 such that for any interval 
J C K+ and for any n > i{ J) the decomposition J = Gn LI Qn satisfies the following 
properties 

(1) Gn is measurable with respect to Qn and \Qn\ < A"^*'^''' | J| . 

(2) If I{rn) is any atom of Qn contained in Gn, we have |/(r„)| < A"-^^"'^!- 

(3) If J' is any non-empty connected component of Qn, we have i{J') < n + 2. 

5.3.3. Twisted continued fraction. In this paragraph we develop some useful ma- 
chinery to solve eauation l5.2[ our exposure is based on a construction given in [Y2j 
at pages 105,106. 

We fix a pair of real numbers {x, y) and we look for approximations of a of the 
form with j, k 1? . We use the same vectorial notation of paragraph I5.3.2[ 
thus we introduce the vector v = {x, y) G and for any r = {k,j) € 1? we consider 
the vector s = r + w = {k + x,j + y), which are elements of the coset + 1; of in 
Mj^. We assume that a is irrational and moreover that for any s G Z^ + u we have 

det[a, s] 7^ 0. 

We denote A the set of those a in E_|_ \ Q such that the condition above is satisfied. 
It is evidently a full measure subset of R+. Let us fix a G ^ and let {rk{a))k£n be 
the sequence of its classical approximations introduced in paragraph l5.3.2l For any 
A: g N let us define 

A(rfc) := {srk + tr'k:s,te (0,1]}, 

that is the parallelogram in R'^ spanned by the pair of vectors (rjt,r^), which is a 
fundamental domain for the action of SL(2,Z) on R'^. Then we define v(rk) as the 
only element in (Z^ + v) H A(rfe). 

We observe that for k even the k-th approximation rk{a) = {qk{a),Pk{ce)) sat- 
isfies rk ^ a ^ r'j.. In order to define the sequence of the twisted approxima- 
tions Sn{a) of a we introduce a parameter N € N* and for n S N we consider 
the 2N(n — l)-th approximation r2N{n-i) = f2N(n-i){o') of a with respect to 
the continued fraction algorithm of paragraph 15.3 21 We observe that we have 
^2Af(n-i) ^ v(r2N(n-i)) ^ ''2Ar(n-i) ^'^'^ define s„ according to the following two 
cases: 

• If ^27V(n-i) -< q! ^ v{r2Ni^n~i)) wc define Vn — Vn{oL) as the minimum of 
those J/ in N such that v{r2is!(ji-i)) + ^''2Ar(n-i) ^ cJ. In this case we always 
have t'n(a) > 1- Then we define the n-th twisted approximation as 

(5.3) Sn ■■= v{r2N(n~l)) + ^nr2N(n-l)- 

In this case we also define the vector = s^(a) by := s„ — 7'2Af(n-i)- 

• If v{r2M{n-i)) ^ a ^ ^27V(n-i) define Vn = Vn{oi) as the maximum of 
those J/ in N such that v{r2N(n-i)) + ^^2Af(n-i) ^ ^^^^ 

also have Vn(pt) = 0. Then we define the n-th twisted approximation as 

(5.4) Sn := v{r2N{n-l)) + i^nf27V(n-l)- 

In this case we also define the vector s'^ — s'^{a) by := + ''2Ar(ri-i)- 

Observe that by definition we have s„(q;) ^ 3 ^ ^^(q;) for any n € N. We write 
s„(a) = {kn{a) + x,jn{a) + y) with A:„(a),j„(a) € Zand similarly s'n = {k'n+x, j'n-\- 
y), with k'n,jn G Z. If s„(a) is defined by equation (|5.3p we have det[s„,s^] = 
det[r2Ar(„_i), f (r2Ar(„_i))]. On the other hand, if Sn{oi) is defined by equation 
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()5.4p we have det[s„,sj^] ~ det[w(r2Ar(„_i)), r2^j-j^_j^.j]. In both cases, recaUmg 
that det[r2Ar(„_i) , r2jY^^_-^-j] = 1 and that w(r2Ar(„_i)) belongs to the fundamental 
domain spanned by these two vectors, we have 

(5.5) 0<det[s„,s;] <1. 

Letting a vary we define the family of vectors P„ :— {s„(a); a £ A}^ which is a 
subset of (Z^ + v) O M^, and the sigma-algebra Vn, whose atoms are the intervals 
I{sn) C M+ with specified value for the function a i-^ Sn{a). We observe that 
for any n e N the cr-algebra Vn is a refinement of Q2Af(n-i): anyway the family 
{Vn}neN* it is not a filtration. 

Lemma 5.7. For any n e N and for any atom /(s„) of Vn we have i(/(s„)) < 
27V(n- 1) +3. 

Proof: We treat separately the two cases where s„ is defined according to equation 
(|5.3p or equation (15. 4p . If r2Ar(„„i) ^ s„ ^ i^(?'2Af(ri-i)) we observe that there exists 
a e N* such that 

■S" -< ^2W(«-l) + ar2Ni,i-i) -< s'n- 
For the real numbers a G I{i'2N(n-i)) with a2Af(n-i)+i(Q!) = a + 1 we have 

^2Af(n-l) + a'"27V(n-l) = ''2Ar(n-l)-l + + l)'"2Ar(n-l) = ''2Ar(n-l) + l («), that is 

I{sn) contains an element of Q2Af(n-i)+i- It follows from the properties of the con- 
tinued fraction that there exist a sequence r2N{n-i)+2 of elements of Q2Ar(n-i)+2 
which accumulate to r2N{n-i)+i- The corresponding interval I{r2N(n-i) + 2) are 
therefore eventually contained in I{sn) and thus i(/(s„)) — 2N{n — 1) + 2. 
If v{r2N(n-i)) ^ Sn ^ ''27V(n-i) obscrvc that there exists a G N* such that 

Sn -< r2N{7i-l) + a'"27V(n-l) ^ ^'n- 

For the real numbers a € Iir2N(n-i)) with a2N(n-i)+i{o:) = 1 and a2Ar(„_i)+2(«) — 
a we have respectively r^^,(„_i) = r2Ar(„-i)+i(a) and r27v(n-i) + ar'^N{n-i) = 
^2Af(n-i)+2(Q^)) that is /(s„) contains an element of Q2Ar(n-i)+2- Arguing as in the 
previous case we get «(/(s„)) = 2N{n — 1) + 3. the lemma is proved. □ 

5.3.4. A sufficient condition. For any n G N* and any s„ G Vn we define T[s„] as 
the bijective affine function from /(s„) to [0, 1), or in formula: 

^[^"](") ^=x!f^det[.„,d]. 
aei[s„, Sn\ 

For any a G I{sn) we have by definition s„ ^ a ^ s^, thus equation (15. 5p implies 
< det[s„,S] < det[s„,s^] < 1. Since det[s„,5;] = {kn{a) + x)a — (jn(a) + y) we 
get det[s„,S] = {{kn + x)a — y}. It follows that in order to have infinitely many 
solution of equation (|5.2p it is enough to have infinitely many solutions n of 

As a consequence of lemma 15.71 we have kn + x = 5i(sn) < ^if2N{7i-i)+3) ~ 
Q2N{n-i)+3 and similarly for k'^. Since there exists a constant 7 > 1 such that for 
almost any a and any n big enough we have g„ < e'''", then we can find a constant 
7' > 1 such that for almost any a and any n big enough we have 

kn + x < e'^'" and k' + x < e^'". 
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We define a positive sequence setting 'ipn ■— "ip^e'^ "). Since tip{t) is decreasing 
monotone, then ipn is decreasing monotone and for almost any a and any n big 
enough we have ipn < iKii'^) + x)ip{kn{a)). Moreover according to remark [3.0.41 
condition °° Lp(t)dt — +co is equivalent to J2n=i''Pn = oo. Finally, according 
to equation (|5.5I) we have < det[s„,s^] < 1, therefore in order to have infinitely 
many solution of equation (j5.2l) for almost any a it is enough to have infinitely 
many solutions n of 

(5.6) T[s„(a)](a) <i/.„. 

It follows that in order to prove the divergent part of theorem 15.51 it is enough to 
prove the following proposition 

Proposition 5.8. // V-" : N — > is a decreasing monotone sequence such that 
X^nsN V'n — +0O then for almost every a G M+ there are infinitely many solutions 
neN of ^EB. 

5.3.5. End of the proof . In this paragraph we prove proposition lSTSl Since any func- 
tion T[s„] has image in (0, 1) we can assume that there exists some positive e G (0, 1) 
such that we definitively have V'n < 1 — e, otherwise the statement is trivially true. 
Then we make a choice of the parameter N in the definition of the twisted approxi- 
mations requiring that > 3 and A^^^^ < e, where A is the constant in lemma [5761 

For any 7i G N* and any s„ G Vn we define J{sn) as the subinterval of /(s„) of 
those a with T[s„](a) > ipn- We evidently have | J(s„)| = (1 — '0„)|/(s„)|. 

Lemma 5.9. For any n G N* and any s„ G Vn we have «(J(s„)) < 2Nn. 

Proof: If for some s„ in some Vn we have i{J{sn)) > 2Nn, then J(s„) cannot 
contain elements r2Nn-2 of Q2Nn-2, otherwise a sequence of intervals I{r2Nn-i) 
would be contained in J{sn)- It follows that there exists some atom of Q2Nn-2 
which contains J(sn) as subinterval. On the other hand i(J(s„)) < 2N{n — 1) + 3, 
according to lemma [5J] and 2Nn - 2 - ?(/(s„)) > 2iV - 5 > 1. Then we can 
apply the decomposition in lemma [5.61 and we write /(s„) — G2Nn-2 U G2Nn~2- 
Let I{r2Nn-2) be the atom of Q2Nn-2 which contains J(s„). Either I{r2Nn-2) 
is contained in G2Nn-2 or J{sn) is a subset of Q2Nn-2- In both cases lemma [5T6l 
implies that | J(s„)| < A^^~^|/(s„)|. Finally we recall that have | J(s„)| > e|/(s„)|, 
because V'n < 1 — e, thus we get to an absurd since A^^^^ < e. The lemma is 
proved. □ 

We set Cn := Us„gp„ J{.Sn) and C := UmGNn„>M'^"- The statement in propo- 
sition [5TH] corresponds to Leb(C) = and in order to show it it is sufficient to prove 
that for any M G N we have Leb(p|,j>j^j C„) = 0. Thus we fix any M G N and we 
re-definc C := {^n>M^n- To show that C has zero measure we define a family of 

sets Cn with C„ D Cn+i and such that C C C„ for any n G N and Leb(C„) as 
n — >■ 00. The definition is given with the following induction procedure. 

• The first element of the family corresponds to rt = M and we set Cm '■= Cm- 
Any connected components of Cm is a sub- interval J{sm) of some atom 
I[sm) of Vm and according to lemma 15.91 we have i{J{sM)) < 2NM. 
Therefore lemma 15.61 implies that we can decompose it as 

J{sm) — G2NM LI G2NM, 
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where the subset G2NM is measurable with respect to the sigma-algebra 
Q2NM, and therefore with respect to Vm+i, and where the remaining part 
satisfies |52AfA/| < A|J(sm)| (A is the constant appearing in lemma [5.61) . 
Moreover, if J' is any non-empty connected component of Q2NM we have 
i{J') < 2NM + 2. 

• We fix n > M and suppose that the sets Cm, - -/Cn-i are defined. We also 
assume that for any k S {M, .., n — 1} any connected component J of Ck 
satisfies i{J) < 2Nk and we observe that the assumption is satisfied for 
k = M. 

Let J be any connected component of C,i-i. Since i{J) < 2N{n — 1), 
using lemma [5?6l we decompose it as 

J = G2N{n-l) LI Q2N(n-l), 

where the subset G2N{n-i) is measurable with respect to the sigma-algebra 
Q2N(n-i), smd therefore with respect to Vn, and where the remaining part 
satisfies \Q2N(n-i) \ < A|J(s„)| and i( J') < 2iV(n— 1) -1-2 for any non-empty 
connected component J' of ^2Ar(ji-i)- We define 

G2N(n-l) n Cn '■— G2N(n-l) H C„, 

that is we consider the union of the subintervals J(s„) of those I{sn) con- 
tained in G2N{n-i) ■ According to lemma [531 any new connected component 
J(s„) of Cn arising in this way satisfies i( J(s„)) < 2Nn. Then we complete 
the definition setting 

^2^(^-1) n Cn ■= G2N(n~l), 

that is the rest G2N{n-i) passes unchanged to C„. According to lemma [5751 
for these connected component of C„, i.e. for the non empty connected 
components J' of G2N{n-i) we have i{J') < 2N{n — 1) -I- 2 < 2A^?t,. 

For any n > M the sets C„ is therefore defined and if J is any of its connected 
component we have «(J) < 2Nn. 

Lemma 5.10. For any n > M and any connected component J of Cn we have 

\JnCn+i\ < (i-(5V'„+i)|J|, 

where 5 = I — X and AG (0, 1) is the constant in lemma\57B\ 

Proof: Let J be a connected component of C„. Since i{J) < 2Nn, we apply 
lemma ISTBl and we decompose it as J = G2Nn U Q2Nn- According to the inductive 
definition of Cn+i we have 

J n Cn+l = {G2Nn H C„+i) U Q2Nn- 

Since G2Nn is union of atoms /(s„_|_i) of Vn+i and for any such atom we have 

|/(s„+l) n Cn+l\ = I J(s„+l)| = (1 - 'lpn+l)\IiSn+l)\, WC get \G2Nn H C„+i| = (1 - 

ipn+i)\G2Nn\- On the other hand, lemma ISTHl also implies |t/2Afn| < A|J|, therefore 
summing the two contributions we have 

|jnc„+i| = (i-^„+i)|G2jv„| + |W| = ('(i-V'n+i)%^ + %;^) \J\ = 



\J\ 



1 - (1 - ^^)V'n+l ) \J\ < (1 - (1 - A)^„+i)| J|. 
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□ 

Now let us consider any connected component J of Cm- Lemma 15.101 implies 
that for any n > M we have 

n 

\Jr\Cn\< n (i-'5V'fc)kl- 

k=M+l 

For any M > 1, the condition X)nGN^" ~ sequence -(/'« is equivalent 

to Hm„_s-oo nfe=Af+i(l ~ ^^k) = 0. It follows that | J n C„| — )■ as n — )• oo for 
any connected component J of Cm- Therefore | J H C| =0 for any J. Since Cm 
is countable union of its connected component we get \C\ =0. Proposition 15.81 is 
proved and therefore the divergent part of theorem 15.51 too. 
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